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ABSTRACT

This report presents the results of a theoretical review and an
experimental investigation of the hydroelastic vibration of thin flat
plates suspended at zero mean angle of attack in a fluid stream.

The review indicated that recognized experimental facts such as the
influence of trailing edge geometry and the three-dimensional wake
structure were inadequately related to theoretical considerations about
the vibration phenomenon.

The experimental investigation consisted of a detailed determination
of the amplitude and frequency spectra of the vibration on a number of
flat test plates which were mounted in the test section of a water tunnel
at zero mean angle of attack.

The effects on the vibrational behavior of trailing edge geometry,
geometric and elastic properties of the plate support, free stream
velocity and ambient pressure have been explored experimentally.

An equation of motion has been written for the test plate - torsion
spring system employed. Results of a qualitative analysis of this non-
linear equation are compared with the experimental results obtained.
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LIST OF NOTATIONS

a = longitudinal spacing of vortices; inch.
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e = 2.7182..0000
f frequency; cps.
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g = gravitational acceleration, 32.2 ft/sec
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k = spring constant; lbs-in.

k = UIl/U = correction factor for velocity at the free streamline; fps.
= j b reduced frequency.

U

m = magnification factor for static loads.

Mi = dimensional constants; i = integer.

Pb = base pressure; psi.

p0  = ambient pressure; psi.

PV = vapor pressure; psi.
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ti =test plate thickness; inch,

ut,vI = fluctuating velocity components; fps.

us= velocity of vortices relative to U; fps.
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w downwash; fps.

x,y = cartesian coordinates.

z = x + iy = complex coordinate.

a= geometric angle of attack, radians.

p = K/Kl = measure of annihilation of vorticity at the trailing

edge; radians.

@I = instantaneous angle of attack, radians.

6 = logarithmic decrement.
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= (Wave Analyzer reading) / (Mean Voltmeter reading).

= strength of a single vortex; ft2 /sec

A = K/U2 = proportionality factor.

v = kinematic viscosity of fluid; ft2 /sec.

S = 3.1415.....
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n = phase angle; n = integer.

(t)= Wagner's function.
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2K = rate at which discrete vorticity diffuses into the wake;
ft2/secz.

K1  = rate of vorticity discharge per side of an object; ft2/secA.

I',L = lift force due to vortex shedding; lbsf,V =
L = lift force associated with circulatory potential flow; lbsf.c
Vt  = lift force associated with non-circulatory potential flow; lbsf.n~c.
M = magnification factor for L.

V
Mt = moment due to LI; lbsf-in.

V V

MI = moment due to Lc ; lbsf-in.c
Mt moment due to LV lbsf-in.n.c. nc.

Q = 1-k = base pressure coefficient.

= Reynolds number; in case of test plates: R = UtI/v.

S = Strouhal number; in case of test plates: S = f tt/U.

UUO = free stream velocity; fps.

U1  = free stream line velocity; fps.

Ur = free stream velocity at resonance; fps.

W = complex velocity potential.

Xb = distance in semi-chords between resultant lift force and
leading edge of test plate; inch.

-ix-



I. INTRODUCTION

A. General Statement of the Problem

Operational difficulties such as the singing of ship propellers,
of turbine and pump blades and the vibration of other moving vanes,
cylinders and struts are commonly associated with the formation of a
periodic wake, The need for a satisfactory definition of these phenomena
is being felt in the design of components for increasingly powerful and
faster Naval vessels. As a contribution in elucidating this question the
"hydroelastic" vibration of thin flat shapes has been studied.

Any deformation of an elastic body due to a fluid flow around it
can be termed a hydroelastic response. More specifically this term applies
whenever the elastic deformation substantially modifies the magnitude of
the hydrodynamic loading. Where in the classical theory of elasticity
external forces or displacements determine stress and deformation, the
external load in the aero- or hydroelastic case remains unknown, until a
solution to the problem is obtained.

From a practical viewpoint and analogous to the division in the field
of aeroelasticity, the field of hydroelasticity can be divided into response
and stability problems.

In response problems an effort is made to obtain the absolute
magnitude of stress or displacement of a structure when subjected to an
external load or deformation. The formulation of such problems is in terms
of boundary conditions; governing equations are non-homogeneous, their
solutions non-trivial. Adequate strength of the structure is a main
design objective.

In stability problems on the other hand, attention is directed toward
the relation between elastic stiffness of a structure, which is independent
of speed, and the hydrodynamic load, which may grow exponentially with
increasing speed. Possibly there then exists a critical speed at which
the structural deformations became excessive. This sometites suddenly
reached limit of structural stability is associated mathematically with the
trivial solution of a set of homogeneous equations. Usually these equations
are linear ones since near the limit of stability the amplitudes of elastic
deformation may still be regarded as very small. In design the objective
is to avoid the region of possible instability by giving special attention
to rigidity, damping characteristics and hydrodynamic shape.

Response problems are encountered with rudder systems of ships and
the buffeting of hydrofoils as well as with cavitation on vibrating surfaces.

Stability problems may be illustrated by the flutter of bydrofoils,
the vibration of cylindrical objects such as submarine periscopes and
submerged towing cables. An example which has been known for more than
50 years and is not yet completely understood is the singing of hydraulic
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turbine and propeller blades.

In the field of aerodynamics, where streamlined shapes are the rule,
many stability problems are solved satisfactorily via linearization of the
partinent, classical aerodynamic equations. For understreamlined objects,
such as cylindrical bodies, where the shedding of discrete vortices clearly
plays a decisive role, this approach does not suffice since in general the
flow field near the trailing edge is not amenable to theoretical treatment.

Both the downstream diffusion of vorticity and the fluctuating forces
on a structural component depend upon the wake dynamics at the trailing
edge. A better understanding of how the early wake is related to the body
which produces it is a prerequisite to a more rational formulation of the
frequency of vortex shedding and the associated lift forces.

B. Scope of the Investigation

.L..- 4-J ULU 'JP 4. 1- Of 1 44.U LW J~~. L ~ 14 ~.L ~ ~ ~ThL.e dlescriptiLon ofL the wakXe structure near the trailing edge isa
problem involving many variables. Besides trailing edge geometry, general
body shape and free stream velocity, the magnitude of motion exhibited by
the body is of prime importance. Boundary layer thickness and character
at the trailing edge, spanwise periodicities in the wake and free stream
turbulence constitute further influences which yet lack a proper formulation.

In order to reduce the variables associated with the overall body
shape it was decided to employ flat plates of reasonable aspect ratio as
the fundamental structural shape. Further, the mean angle of incidence was
limited to zero degrees. Opportunity for classical flutter was greatly
reduced by allowing the test plates but one degree of freedom at a time.
The plates were suspended in the test section of a water tunnel for which
the free stream velocity could be selected over a fairly wide range. Thus
the investigation could be directed toward the remaining variables which
were considered of primary importance. These include:

1. trailing edge configuration,

2. plate restraint and magnitude of plate motion.

The experimental program provided for measurement of the:

1. frequency spectra of plate vibration, and

2. amplitude of plate motion.

II. REVIEW OF PREVIOUS WORK

A. Vortex-Induced Vibrations

A large number of practical examples of vortex induced vibrations
have been reported in the literature. Most frequently encountered is the
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vibration of circular cylinders. A f6w of the recent reports are those by
Den Hartog (1), Dickey (2) and Ozker (3) on the vibrations of steel stacks;
by Baird (4) and Housner (5) on the vibration of suspended pipe lines.
Grimminger (6) and Price (7) discuss suppression of the excitation of
cylinders. Krall (8), Penzien (9) and Scruton (10) deal with the question
of whether vortex induced motion of cylinders is forced or self-excited.

Not only bluff bodies such as cylinders, but also streamlined shapes
are reported to be excitable by vortices shed at the trailing edge.
Usually the singing of hydraulic turbine- and propeller blades is associated
with this phenomenon. The remedy for these undesirable vibrations is often
found in but slightly modifying the trailing edge, although results are
varied and not always successful (11). In fact, it may be said that the
mechanism of vortex shedding is not yet completely understood, even though
it attracted attention quite early. Following is a summary of the pertinent
and sometimes conflicting observations.

With the adoption of high tensile alloys some 35 years ago in the
manufacture of propellers a vibration problem occurred known as "singing",
The emitted noise often became so intense as to be clearly audible through
the vessel. The term singing is indicative of the fact that the acoustic
spectrum of a singing propeller's noise contains one or more predominant
frequencies (12) in the audible range. Whereas some propellers sang over
but a limited speed range, others could produce a series of notes for which
the frequency increased in discrete steps with increasing speed. In some
cases zones of singing were separated by quiet speed zones. In others
several zones each associated with a particular note overlapped each other.
For one and the same propeller a decrease in the ship's draft, or the
temperature of the water, or an increase in dissolved air content of the
water could materially lessen the tendency to sing. That the phenomenon
is a capricious one is illustrated (13) by cases of identical propellers
in which some sang and others were "silent".

The number of explanations which have been advanced is indicative
of the complexity of propeller singing.

Conn (14) suggests that torsional vibrations occur due to continuously
varying location of the pressure center for blades placed in the turbulent
wake of a ship. Duncan (discussion of 14) proved Connt s basic assumptions
to be incompatible with airfoil theory.

Shannon (15) concludes from a statistical examination, that rounded
leading edges with their particular pressure distribution are the controll-
ing factors and he advocates sharp leading edges. However, the compilation
of shapes examined shows that the same conclusions follow if the trailing
edges were made the subject of consideration.

Davis (16) assumes that collapsing cavitation bubbles at the leading
edge form the driving mechanism and then attempts to compute the ideal
non-singing shape, but the assumption was not supported by evidence.

G. Hughes (17) postulates separation at the leading edge and attempts
to evolve the remedial blade design from theory based on such separation and
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on statistical evidence. He too suggests adoption of sharp leading edges.

Several times Coulomb friction in sterntube bearings has been suggested
as the exciting mechanism (12).

Some investigators are convinced of the possibility of flutter, while
others are equally convinced of the contrary. Gutsche (18) contends that
small faults in the profile and the surface texture of propeller blades would
induce singing and that wandering of the point of laminar- to turbulent
boundary layer transition could sustain the singing.

Finally, vortex shedding at the trailing edge was proposed by Kito (19),
Gongwer (20) and Krivtsov (21) as the exciting .mechanism.

Of all the explanations offered, the vortex shedding hypothesis fits
most of the practical experiences and is supported by creditable research
work.

Gongwer's experiments (20) with vanes showed clearly the functional
relationship that exists between singing of vanes and trailing edge thickness.
Gongwer improves on Kito's empirical relation for singing frequency and
trailing edge thickness by proposing that a percentage of the local turbulent
boundary layer thicknesses be added to the physical trailing edge dimension.
Further, from results with swept back vanes he found evidence that the
significant velocity in the Strouhal parameter is the component normal to
the trailing edge. This latter observation was followed up by Lankester (12)
in computing S along the edge of an actual propeller. He shows near constancy
of S over a reasonable length at 0.8 of the blade radius.

Perhaps the most convincing is Krivtsov's paper (21) on the hydro-
elastic behavior of vanes which covers 5 years of research in the Soviet Union.
More than 50 flat bronze vanes resembling propeller blades were tested in a
fluid flow, for vibrational behavior. The influences of trailing edge
thickness, angle of attack, ambient pressure and fluid density were investi-
gated. G. Hughes (17) andW. L. Hughes' (22) work on the relative damping
and frequency change in air and water as well as Burrills (23) classification
of vibration modes of propeller blades were confirmed and supplemented.
Measurements of instantaneous pressures at the sharply cut-off trailing edge
of some vanes showed unmistakably the constancy of the Strouhal number, S,
for a given edge thickness. Krivtsov's final conclusion regarding the
.mechanism of singing is substantially the same as set forth by Gongwer:
i.e., as soon as the vortex shedding frequency synchronizes with the natural
frequency of one of the modes of vibration of the vane, singing occurs.

B. Structure and Periodicity of Wake Flow

1. Experimental Findings

The character of the wake, in particular behind bluff bodies, demonstrates
strikingly the significance of the Reynolds Number. Following Hollingdale (24)



and others the subsequent division in regimes as a function of R may be
given:

a. Oseen Flows 1

b. Steady Viscous Wakes

c. Regularly Periodic Wakes

d. Irregularly Periodic Wakes

40 - 600

150 - 1300

300 - 2000

300 - 2000e. Turbulent Wake

The noted values of R vary considerably depending on the actual shape, the
surface texture and the motion of the body which produces the wake. For a
circular cylinder the lower values apply. The transition between regimes
is fairly smooth.

Periodic wakes are not only of immediate practical importance but
also of considerable theoretical interest. The salient features of these
wakes have intrigued many an investigator during the past 50 years. Yet
no complete mathematical description has been advanced.

Audible manifestations of vortex shedding of a cylinder were first
studied by Strouhal (25), who showed in 1878 that vibrations existed
transverse to the flow and that their frequency, f, was a function of the
speed of flow U and the cylinder diameter d. The functional relation could
be approximated by 6df = U.

Thirty years later Benard (26) detected a row of vortices in the flow
behind cylinders and correlated this "vortex street" with the particular
sound generation studied by Strouhal. For a circular cylinder he found the
periodicity to be most marked for 40 < F < 1000.

Using a dimensionless frequency (the Strouhal number, S = fd/U)
Kovasnay (27) and Roshko (28) determined for circular cylinders with viscous
wakes:

S = 0.212 1 - 2 , h0 < F < 150

and for the periodic component at higher Reynolds numbers:

S = 0.212 (l - 12. 300 < R < 5000

The latter's work shows that the higher R the shorter will be the
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"body regime" which he defines as the region between the trailing edge and
and the point of full wake turbulence.

Den Hartog (1) attributes vibration of a smokestack for R = 7 x 106
to vortex shedding and reports actual failure of a large stack for
R = 2 x 107 (29).

Both Pagon (30) and Dockstader (31) report values of R = 5 x 106 for
similar cases.

Penzien (9) suggests, that such vibrations may be self-excited rather
than forced in which case the natural frequency of the structure would be
determinative. Indeed the work of Scruton (10) demonstrates that vibrations
of cylinders occur over a range of S = 0.1 to S = 0.2 depending on the
structural damping.

Even well below the periodic range, at R = 11, a vortex trail was
nhtaind hv famiechel (t I q (32) for a cylinder mounted on springs such that
natural frequencies below 40 were provided for.

Recent measurements by McGregor (33) and by Gerrard (34) reveal that
up to R = l04 - 105 (limit of the range of measurements) largely regular
pressure variations are present on the surface of a circular cylinder.

Combining the above findings suggests that near the trailing edge of
a circular cylinder the wake may remain essentially periodic up to an as yet
undetermined high Reynolds number. It is apparently not the rapidity with
which the energy contained in discrete vortices diffuses into random
turbulence, but rather local effects at the trailing edge which are deter-
minative in vibration questions. It follows that the shape of the trailing
edge and the adjacent field are of prime importance. This leads to a
consideration of shapes other than circular cylinders.

The wake behind elliptic cylinders was studied by Richards (35); that
behind inclined flat plates by Fage et al (36); for a wide variety of rolled
beam shapes by Nokkentved (37), and for a large number of bluff cylinders by
Delany (38) and Ohaw (39). In many cases the value of S, based on the largest
body dimension perpendicular to the direction of flow, is considerably below
the 0.2 valid for circular cylinders with values ranging from 0.12 to 0.21.
For higher Reynolds numbers Delany's work shows an increase in S to S = 0.4.

Of special importance, being another elementary form, is the flat plate.
The significant work of Fage et al (36), (40), deserves particular attention.
It constitutes one of the few studies of the wake immediately behind the
object. Plates with sharp leading and trailing edges were tested at angles
of incidence varying up to 900. One of the conclusions was that from both
sides of the plates almost equal amounts of vorticity are shed.

The Strouhal number, based on the projection of the plate perpendicular
to the flow (B = 2b sin a), increased from S = 0.14 at a= 900 to S = 1.0 to
1.6 at small a 's. Replacing B by d?, i.e., the distance between the parallel
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portions of the free shear layers (see Figure 1-d) it was shown that
S :- Constant = 0.16.

The velocity distribution close to a circular cylinder was described
by Fage (41) in a subsequent report.

Another study of the free sh1ear layers close to a circular cylinder
was made by Schiller and Linke (42). The boundaries of the spreading
vortex layers were determined at several Reynolds numbers. Again the
shortening of the "body regime" with increasing R was shown. The lowest
pressure is shown to be found at the end of the body regime where the free
shear layers diffuse into each other. Towards the body there is a pressure
increase.

Gongwer (20) suggested that the Strouhal numbers for vanes, based on
the trailing edge thickness, have the customary values if the latter are
corrected for local boundary layer thickness. Interesting visual evidence
was given of 3-dimensional instability of the wake. Gongwer attributed this
to scalloping of the trailing edge. An attempt was made to campute the
alternating lift force associated with vortex shedding, from the occurrence
of cavitating vortices. The force thus determined was of considerable
magnitude.

Actual measurements of instantaneous lift forces seem to be limited to
circular cylinders despite their obvious value in design. For a circular
cylinder Schwabe (see (43), page 421) found at R = 735 and CD = 1.09, a
periodic lift coefficient CL = 0.45. Petrikat (44) found for cylinders in
water CL = 1.0 to 1.6 at resonant conditions.

More recently Macovsky (45) determined by direct measurement on a
rigidly held cylinder segment, periodic lift coefficients as high as C1 = 1.5,
with CL = 1.0 as an average value for R between 2 and 6 x 104. Toward

= 105, C1 drops to CL = 0.5.

Philips (46) attempted to infer CL from velocity fluctuations near
the shedding object. For a moving and vibrating string for which the
emitted sound intensity was measured, final computations gave CL = 0.5 CD
with a chance of 40 /o error.

McGregor (33) and Gerrard (34) attempted to determine C1 by integra-
tion of the measured pressure pulses at the surface of a cylinder thus in
effect also considering only a se ment of the cylinder. McGregor gives
CL = 0.60 for R = 0.4 - 1.1 x 10 ; Gerrard found CI to be a function of
R CL = 0.3 - 1.0 for R = 3 - 5 x 105.

Theoretically isolated vortices are stable. If more vortices occupy
a flow field, an interaction instability, already perdicted by Kelvin (47),
may occur0  Gutsche (48) once attributed the singing of propellers to this
periodic break up of vortices. Indeed, the long vortices depicted in
Gongwer's photographs (20) are unstable, although Gongwer points to the
mode of vane vibration as the primary cause. Three dimensional periodicity
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and instability in the wake of a presumably rigid circular cylinder were
demonstrated by Roshko (28). Even more clearly the 3-dimensionality of the
wake is shown in Makovsky's pictures (45). This phenomenon most likely
accounts for the variation in observed values of lift coeffieient as well
as its decline with increasing Reynolds Numbers.

2.. Theoretical Work

Except for the viscous laminar wake theoretical considerations have
not resulted in concise exact descriptions of wake flows.

In all practical cases a quasi-empirical approach is necessary. Almost
all of these are extensions of either Kirchhoff's or Von Karman's theories.
The latter's contribution is most widely known and possibly too quickly
advanced as sufficient explanation in the event of hydroelastic vibrations
such as the singing of propellers or the motions of smoke stacks.

rt jUUh Oides oL a Lb4-'luf dOdy thUe fl.w UL.UUYU Wil pariatL whie1 Lithe VoiUtLUy
becomes large enough. Helmholtz (49) suggested that separation occurred
because, at the edges, the velocity could not become infinite. Prandtl's
boundary layer concept clarified this matter and pointed to the Reynolds
number as determinative for the location of separation. Actual calculations
of the separation point by boundary layer theory are elaborate for laminar
layers; more difficult, if at all feasible, for turbulent boundary layers.
Assuming for the moment that the separation points are known and fixed and
following Kirchhoff's extension in 1869 of Helmholtz' original theory (50)
the wake flow can be simplified by assuming that the wake is a body of
stagnant fluid. This "dead water" region is then isolated from the main
flow by the shear or vortex layers which originate at the separation points
and which, within a few diameters behind the body, disintegrate into a
turbulent mixing zone, (see Figure 1-b). Kirchhoff proceeds by replacing
the shear layers by surfaces composed of "free streamlines". He assumes that
the free streamline velocity, U1 , is everywhere equal to the free stream
velocity, so that by Bernoulli's law the pressure in the wake would equal
the ambient pressure outside of it. For a given shape of the free stream-
lines, a simple momentum analysis would yield the drag.

The assumption of constant velocity along any free streamline insures
that the mapping of it onto the hodograph plane always becomes a circle
facilitating greatly a transformation to the complex potential plane. This
mathematical convenience led to the appearance in the literature of a large
number of free streamline solutions. However, in all cases this theory
overestimates the base pressure, Pb, so that in actuality the velocities
near the free shear layer must exceed the free stream velocity. This was
indeed borne out by measurements in the shear layers of inclined flat
plates and circular cylinders made by Fage and Johansen (40) (41). They
noted maximum velocities up to 1.45 x the free stream velocity. Also
infinite free streamlines, assumed for the sake of mathematical formulation,
are not in accord with reality. The shear layers develop into alternating
vortices which, depending on Reynolds number, may persist far downstream or
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diffuse quickly into random turbulence.

At the same time Fage's measurements (36) uphold part of the free-
streamline theory. Even along the rear of inclined flat plates nearly
constant pressures were measured, Furthermore, measurements (43), p. 553
indicate that close to the body the theoretical free streamline shapes are
not unrealistic. Observations of the wake beyond the point where the shear
layers roll up, i.e., outside the "body regime", definitely demand another
model.

In 1911-12 Von Karman published a different approach to the determin-
ation of the drag of bluff bodies (51), (52). His now classic theoretical
discussion of periodic wakes was built on a mathematical model of two
parallel rows of equally spaced and staggered point vortices in an other-
wise irrotational and infinite flow (see Figure 1-c). Three arbitrary
parameters are involved: the longitudinal spacing a, the transverse spacing,
h,and the strength, y, of each vortex. The complex potential W of the flow
field could be oetermined in terms of these parameters. From Y the
velocity us with which the vortices moved relative to the fluid at infinity
may be computed and hence the rate of vorticity discharge K. The drag of
the body then may be calculated from the geometrical pattern of the
eddies (53), p. 132. However, Von Karman's formulas cannot yield K(U,d),
a(U,d) and h(Ud). Determination of these relations would involve prediction
of the Strouhal number, of K/U2 = A , of us/U and h/a. Von Karman showed
that in a non-viscous fluid, expect for h/a-= 0.281, the equilibrium of the
vortex array was unstable to the first order. Schmieden (54) showed, however,
that this "stable spacing ratio" has a higher order instability and
Birkhoff (55) advances another prediction of h/a based on inertia consider-
ations. He arrives at h/a = 0.35 also in agreement with the scattered
experimental values.

A prediction of A , based on boundary layer theory was given by
Heisenberg (56). Since DY/Dt = vv 2y , the boundary layer approximation
of the vorticity, I = au/ay, is carried into the wake by convection and
diffusion. On each side the rate of vorticity shedding then may be approxi-
mated by

U

K U dy = O.5 u 2  [2]
1 )y/ 1

a relation confirmed by Fagets measurements (36). If P is the fraction of
vorticity of each sign remaining after the initial diffusion into vorticity
of opposite sign, then P = K/K1 ; Heisenberg sets p = 1, Prandtl stated on
empirical grounds that for the periodic wake regime 3 = 0.5.

Heisenberg thus made an attempt to join the two theoretical solutions
of Kirchhoff and Von Karman. For a flat plate normal to the flow there is
reasonable agreement. As Von Karman pointed out (discussion of 55), however,
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the drag coefficients for other shapes have the same value.

The insertion of an empirical factor, indicated by Prandtl, may still
save the useful features of the free stream line approach. This idea has been
pursued recently by Roshko 57) who corrected the separation velocity ul by
introducing ul = kU, where k is a constant larger than unity. The constant
k is replaced by 1, when the free streamlines become parallel to the direction
of flow (since at infinity the flow must have returned to a uniform one),
which results in a notch in the circular hodograph. As long as the factor k
cannot be deduced from the dynamics of the wake close to the body, it must
still follow from actual measurements.

If, given a k-value, it was possible to obtain a description, in terms
of k, of the wake beyond the transition from body regime to wake regime, a
complete solution could be obtained.

Von Karman t s analysis showed that the two parameters needed to relate
the wake regime to tho body producing it are the dimension h and the velocity
U-us. Once these are fixed the wake can be considered independent from the
body. Therefore, in a subsequent experimental study, Roshko (58) assumed
that h = d', where d' is the distance between the parallel free streamlines.
By means of the notched hodograph method it then is possible to relate d?,
for a given k-value to the body dimension d (d = largest dimension perpen-
dicular to the flow$. For the second relation between k and the periodic
wake Roshko (58) reverts to the above assumption of Prandtl: 3 = constant ' 0.5
(p is the 6 in Roshkors paper; K/K1 = S = U2/(kU)2 = -2). The value
p = = 0.5 is substantiated by the often mentioned work of Fage and his
colleagues, whereas Jeffreys (59) suggests the same value on the basis of
symmetry of perturbation of a single boundary layer. This contention was
criticized by Rosenhead (60) who noted that this symmetry is but temporary.

In any event the reduction of experimental variables needed for the
description of the complete wake to a single quantity would be a significant
development in the systematization of wake phenomena. It promises further
the determination of the drag from a single measurement such as for example
the shedding frequency.

It may be noted that in the above no mention is made of the actual
mechanism of vortex shedding. Von Karman noted that his theory did not
offer such an explanation. In fact a better understanding of the dynamics
of the early wake is the key to the complex problem of periodic and
turbulent wakes. It is probably erroneous to speak of vortex shedding.
Vortices are gradually developed some distance behind the body. Richardson(61),
fig. 2, shows that the zone of maximum velocity fluctuations, vvmax, is at
some distance behind a circular cylinder and shifts toward the body while
decreasing in magnitude, with increasing R : vtmax = 1.2 at Y/d = 0.3 for
R = l.25 x o4 to vmax = 0 7 at y/d = 0.1 forR = 4.25 x 104. In that
region which Roshko termed the "coupling region" (coupling the free stream-
line wake to the Von Karman wake) the mean pressure falls well below the
ambient pressure (42), (58) (see Figure 1-b). Associating these low
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pressures with the cores of the vortices being formed and assuming that the
base pressure coefficient V , which is directly associated with R by

= 1 - k2, depends mainly on the vortex pressure, it follows that the
vortex dynamics close to the trailing edge are of primary importance.
Further it may be expected that the vortex formation will be related inti-
mately to both the boundary layer development and the trailing edge geometry.

C, Wake Dynamics and Trailing Edge Geometry

In the discussion of periodicity in wake flows and its effects,
the fundamental importance as well as the inadequate understanding of the
early wake were stressed. The foregoing review suggested that the
significant variables of this problem are:

a. the trailing edge geometry of the structural component,

b. the location of the separation points,

c. the maximum distance between the free shear layers,

d. the history of the shear layers.

I Trailing edge geometry

Among these interrelated variables the shape of the trailing edge
is probably the most prominent single factor. Relevant references from
which this may be inferred indirectly deal with the reduction of the form
drag coefficient due to apparently small interferences in wake flows near
the trailing edge. (It is recalled that the drag coefficient and the
vortex street can be related to each other by means of momentum considerations
(53) and that therefore changes in CD are indicative of alterations in wake
structure).

Pankhurst (62) reports a reduction of CD = 1.11 to CD = 0.94 for a
circular cylinder after it had been fitted with a small flap at the rear.

N'kkentved (37) shows a decrease in drag coefficient of DD = 1.9 to
CD - 1.6 for a structural T-shape of which the leg points upstream and
downstrea~m respectively.

Particularly noteworthy is the work by Roshko (58). He noticed a
reduction in CD of 40 O/o by placing a small plate along the center line of
the wake close behind a circular cylinder. A similar arrangement for a
flat plate normal to the flow resulted in a decrease of CD by 20 0/>.

The experimental work presented in this report was designed to sub-
stantiale the inference that the trailing edge geometry was of decisive
influence on the structure of the early wake and thereby on the periodic
lift forces acting on the structure. This point of view was vindicated in
a recent publication by Heskestad and Olberts (63) which appeared when the
present experimental program drew to a close. The paper reports on
measurements of vibrational amplitudes and frequencies for a large number
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of trailing edge geometries fitted onto a thin flat plate. The frequency
of vibration of the plate and in particular the amplitudes of motion were
shown to be markedly effected by changes in the trailing edge shape (see
Figure 1-e).

2. Location of the separation points.

Besides being a direct function of trailing edge geometry, the
separation points may recede with increasing free stream velocity thus
making the Strouhal number dependent on the Reynolds number as is clearly
shown in Delany's work (38). As an attendant effect the separating boundary
layers may became more directed toward each other resulting in an increased
annihilation of vorticity before it can diffuse into the wake proper.

For vibrating objects with rounded trailing edges the separation points
will be unstable resulting in a "flapping" motion of the low velocity
portion of the wake. This effect is clearly involved in the sustained
motion of cylinders reported by Meier-Windhurst (64).

This periodic motion of the early wake led Birkhoff (55) to an attempt
to predict the Strouhal Number based on a consideration of the inertia of
the swinging portion of the wake.

3. Distance between the shear layers.

For bluff bodies the maximum distance d' between the free shear layers
is an important parameter in the dynamics of their wakes. Fage and his
associates (36) found advantage in using dI instead of d in the computation
of the Strouhal number. This dimension is fundamental in the theoretical
treatment by Roshko (58), which was mentioned in pection II-B. Roshkot s
formulation of the "Universal Strouhal Number", 5E = fdI/ul in which dI
for a number of cases can be obtained from the notched hodograph trans-
formation, however, can not account for the effect of trailing edge shape
downstream of the separation points.

When d' approaches zero, the amount of discrete vorticity carried into
the wake tends to zero. This is illustrated by the work of Chuan and Magnus (65)
ao., who found that vortex induced vibrations of an airfoil were only
possible for angles of attack above 60.

4 History of the shear layers.

For streamlined shapes the temporal and spatial boundary layer growth
must be taken into account because they will form the free shear layers.
As mentioned before, Gongwer (20) went a step in that direction by
increasing the physical trailing edge thickness with a portion of the
turbulent boundary layer thickness. This approach will have to be supported
by .more experimental data, For bluff bodies such a correction will in
general have little significance.
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In the case of slender vibrating bodies boundary layer considerations
will be particularly important. At the same time, however, these are of
considerable difficulty; no specific treatment of this aspect has been
found in the literature.

D. Summary

1. From the large number of references in the engineering literature
which associate structural vibrations with the formation of a periodic
wake, two categories were discussed in section II-A:

r -i e ibration of cylinders

bI the singing of ship propellers

The circular cylinder, being an elementary shape, is of frequent occurrence
both in structural applications and in research work. Some recent
publications pertaining to that shape were therefore included in the review-

Secondly, references about the singing of ship propellers were
selected for discussion since the shape of the propeller blade resembles
most that of the flat plates employed in the experimental work presented
in this report. This literature reflects the complexity of the vortex
induced vibration phenomenon.

2. In section II-B-1 the wake with which vortex-induced vibrations
are associated is considered. After a discussion of the wake structure
and periodicity as a function of Reynolds Number, attention is drawn to
the flow field around the trailing edge.

The few reported attampts to determine the lift forces associated
with vortex shedding point to their difficulty as well as the need for
further investigation. Demonstrated three-dimensionality of the wake was
assumed to be responsible for variations of the lift coefficient.

Section II-B-2 deals with the theoretical treatment of wake flows.
Following Kirchhoff many authors employed free stream line theory to obtain
a description of the wake close to the body. Others bypassed the early wake
by using the Von Karman model of an idealized periodic "asymptotic" wake.

It was shown that among the attempts to join both theoretical treat-
ments the recent work of Roshko merits attention. Again the review
suggested that the trailing edge geometry and the flow field, or "early
wake", surrounding it are of basic importance.

3. Tn the section II-C further support is given to the point of view
that the early wake and the trailing edge geometry constitute the basic
variables of the vibration phenomenon.

Interference with the early wake flow may substantially reduce the
drag. Evidence of the direct influence of trailing edge geometry on the

-1lh-



severity of the vibrations is presented.

The formulation of the Strouhal Number should be based on the
(variable) distance between the free shear layers rather than on a body
dimension.

The location of the separation points deserves attention since
instability of these points has been suggested as determinative for
sustained wake periodicity. Receding of the separation points with
increasing R explains part of the scatter in quoted values of S. The
boundary layer thickness at the trailing edge may have to be incorporated
in the definition of S.

III. EXPERIMENTAL EQUIPMENT AND PROCEDURES

A. General Description of Water Tunnel

A detailed study of the wake behind flat plates held at zero angle
of attack as well as an investigation into the hydroelastic response of
these structural shapes required that the plates be suspended in a uniform
flow with a low turbulence level. To this end a water tunnel has been con-
structed which is indicated schematically in Figure 2. The facility is
connected to an 18-inch diameter header pipe suspended in the basement of
the laboratory. It may receive water from any or all of three centrifugal
pumps which have rated capacities of 8,000; 4,000; and 3,000 gallons per
minute, respectively, at heads of approximately 40 feet. The flow rates
may be regulated by motor operated valves located on the discharge side of
the pumps. All pumps draw water from a common reservoir in the basement.

The water tunnel itself is connected to the header pipe and consists
of a series of elements designed to produce a flow of desired character in
the test section. Proceeding downstream from the junction with the header
pipe and referring to the lettered items of Figure 2 there are:

1. An expanding riser which brings the water from the 18-inch
header up to a 24-inch diameter at a suitable elevation above the
main floor of the laboratory hall.

2. A 24-inch mitered elbow fabricated from 24-inch pipe and including
15 guide vanes situated in the mitered plane.

V A composite transition, screen housing and contraction with over-
all length of 6'2". This item includes:

a. a 24-inch long transition from the 24-inch round elbow
section to an octagonal one of slightly larger area,

b. a screen assembly housing,

c. a 33-inch long contraction composed of 8 pieces of thin steel
plate dressed to carefully shaped ribs. This unit provides a
transition from the octagonal screen section to the filleted
rectangular test section,
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4. A 36-inch long test section of essentially rectangular shape,
9 inches high and 7-1/2 inches wide. This unit is fabricated from
1 inch thick plexiglass reinforced by external aluminum members.

5. A 9-foot long diffuser fabricated from steel plate and divided
into four equal flow channels by two continuous orthogonal splitter
vanes. By means of this unit the 7-;/2 inch x 9 inch test section
is brought back to a circular section of 24-inch diameter.

6. A second mitered elbow similar to the bend mentioned under b.

7. -A 10-foot long draft tube of circular cross-section 24 inches in
diameter. The downstream end of this unit is below the free surface
in the water storage tank.

8. A plate valve for regulation of pressure level within the tunnel.

A more detailed description of the structural features of the facility
may be found in Reference 66 while the measured hydraulic characteristics
of the tunnel are presented in Appendix A of this report.

An overall view of the tunnel and its associated equipment is given
in Figure 3 and a closeup of the test section in Figure 4.

B. Test Plate Assembly

1. Selected Test Plates

A total of ten flat plates have been tested in the test section of
the water tunnel for their vibrational behavior. The plates spanned the
9" dimension of the test section. Each of the plates had a length in the
direction of flow of 2" and was given a leading edge of semi-cylindrical
shape. Two plate thicknesses were tested: a set of six 1/8"-thick plates
and a set of four 1/h"-thick test plates. The trailing edge configuration
was varied from test to test; the motivation for the selection of the
employed shapes, depicted in Figure 5, will become apparent later. All
plates were fabricated of aluminum which combines a low weight with
adequate strength and rigidity.

Tests on the 1/8" plates were conducted first. The results of these
measurements dictated changes in the mounting of the plates as well as in
the instrumentation. The second series of experiments utilizing 1/h"
plates was carried out under different mechanical restraints using different
instrumentation. These two tests are consequently discussed separately
below.

2. Mounting of the Test Plates

The usual mounting of the test plates provided for a pivoting motion
around the center of the semi-cylindrical leading edge. This method of
mounting was motivated by the desire to prevent lateral motion of the
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Figure 3. Overall View of Water Tunnel and Instrumentation

Figure 4. Test Section With Mounted l/h"-Test Plate



leading edge, so that no vortices or even boundary layer disturbances would
be created at that location0 The rotational motion was restrained by
springs as illustrated in Figures 5 and 6, thus making the test plate
assembly a simple single degree of freedom system. Aside from simplifications
in the analysis this mounting greatly reduced the danger of classical
flutter of the plates.

All test plates were mounted vertically in the test section in order
to eliminate the effect of gravitational forces on the plate motion.

The 1/8" test plates were supported at each end by an 0.27" diameter
aluminum spindle passing through a pair of self-aligning ball bearings.
Outside of the bearings the upper spindle was restrained by a leaf spring
which carried strain gages for measurement of the frequency and amplitude
of the vibrational plate motion,

For the 1/4" plates the upper spindle was replaced by a short aluminum
stub and the lower spindle by a step-tapered stainless steel rod. Onto
the rod a small arm was mounted which carried a crystal type accelerometer
with which the motion was sensed. Small streamlined plates were also
added which covered the ends of the trailing edge in order to prevent end
effects. In addition the connection between plate and spindles allowed
for selection of the axis of rotation at 0.5" downstream of the leading
edge. In the following this mounting will be referred to as "pivot at
1/L-chord"0

3. Spring Constants and Viscous Damping

One of the proQram objectives was to investigate the explicit role of
support stiffness on The vibrational response of the plates. For the 1/8"
plates provision was made to vary the support stiffness by changing the
free length of the restraining leaf spring. For the systematic series of
measurements, discussed in section V, only one stiffness was employed.
For all those measurements the clamp with which the leaf sprhg was fixed
at the steady end was kept in position #5 (see Figure 5), resulting in a
natural frequency for the entire test plate system of fn = 40 cps when
suspended in air. For suspension of the test plate in water this was
reduced to fn = 25 cps due to the apparent mass.

Based on the experimental results from the first test series the
lower spindle which acted as a torsion spring for the 1/h" plates was
designed to permit variation of the system natural frequency from
fn = 40 cps to fn = 100 cps, This variation could be effected by rigidly
clamping the lower spindle at various positions along its length (see
Figure 6). The modified support also intended to realize as far as was
practically possible a one degree of freedom system. Test results show
that this objective has lar-ely been attained.

The calculated or measured values for fn, the stiffness, k, and the
damping coefficient, c, are given as a function of clamp position in Figure 17.

-19-



*Q-~ %

27" D aluminum spindle

self aligning bearing
clamp (leaf spring to spindle)

SR -4 gages
leaf spring

A0 0

rubber compression seal

--- self aligning bearing

..spindle hub

.... connector (hub to test plate

-- test section wall

Lt 0 8t plate

f low
direction

o-ring seals
between lucite
spacer plates

2"x2"x 1/8" L

--V O -not shown in el
ELEVATION/

(#1 8 N#11

#3

evation)

#4

5 a 5

unsupported length I
of leaf spring 6 16

SEC. A-A 6"x" x/2" aluminum -i
(not shown in elevation) TRAILING EDGE

1/8" TEST PLATE SUPPORT SYSTEM GEOMETRIES

Figure 5. Test Plate Assembly for 1/8"-Plates
-20-

TEST PLATE a LEAF SPRING

102) Q)

0 rA -C
I I I VIGOr

i'HIF



self aligning bearing

.aluminum hub

set screws
test section wall

test plate

flow direction

test section
/ 40-reinforcing plates

self aligning bearing

rubber compression
Ic seal

L 1stainless steel
accelerometer torsion spindle
support orrff

self aligning bearing

spindle clamp

1/4' TEST PLATE SUPPORT SYSTEM

SIDE SECTION

s

accelerometer J

oC A10 .1.''. 0

so

E

END SECTION

View of Mounted Accelerometer

Test Plate and Torsion Spindle

Figure 6. Test Plate Assembly for l/M-Plates

-21-



For the lower values of k, the damping for the plate-spring system
with plate #11 suspended in water was found by determining the logarithmic
decrement, 6 , of recorded damped free vibrations. The ratio of damping to
critical damping was found to average c/cc = 0.05 which is low. It was
assumed that the values for the other test plates would be of the same order
of magnitude.

C. Electronic Equipment and Data Procurement

1. Equipment and Procedures for the 1/8"-thick Plates

The bronze leaf spring which restrained the 1/8" plates carried h
strain gages located close to the spindle. The excitation voltage was
22.5 Volts and the wiring such that the temperature effects were eliminated.
Via a Ballantine Decade Amplifier the strain gage signal was led to a
General Radio Model 762-B Vibration Analyzer or, alternately, onto the
horizontal plates of an oscilloscope. The wave analyzer output (i.e., the
RMS vibrational amplitude at agiven frequency) was displayed on a Sanborn 150
oscillograph. At each value of the free stream test section velocity the
entire spectrum of the transducer signal was scanned. After location of the
amplitude peaks a Sanborn record was taken at those and surrounding frequen-
cies. A sample of a representative spectrum is reproduced in Figure 7.
The records are to be interpreted by means of the curves given in Appendix B
which are based on a systematic calibration of the Wave Analyzer employing
an incoming signal of known strength and frequency.

The transducer signal led to the oscilloscope was modulated by
impressing the output of a Hewlett-Packard audio-oscillator on the vertical
oscilloscope plates. Often a more or less stable Lissajous figure could be
formed which facilitated and checked the frequency determinations from the
wave analyzer. Also the amplitude of the signal displayed on the oscillo-
scope screen was measured. From these readings the total strength of the
incoming signal could be converted to a representative angle of rotation by
means of the calibration graph of Figure 2, Appendix B.

2. Equipment and Procedures for the /-thick Plates

A small crystal-type accelerometer (Endevco Model 2200) weighing
1.1 oz. was mounted between the bearings of the lower spindle on an arm at
1-11/161 from the axis of rotation. Amplification for this high impedance
piezo-electric transducer was provided by a cathode follower, the Endevco
Model 2607 Subminiature Amplifier. The transducer output was subsequently
led into a Ballantine Model 643 root-mean-square voltmeter, a General Radio
Model 762-B Vibration Analyzer or onto the horizontal plates of an oscillo-
scope.

The RMS voltmeter scale was read to obtain the average strength of the
transducer signal. Except for vibrations close to resonance the signal
exhibited continuous and sometimes large fluctuations. To facilitate readings
and also to obtain a permanent record, this averaged but yet fluctuating
signal was recorded by the Sanborn recorder. With the wave analyzer the
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transducer signal was scanned for particular predominant frequencies. The
frequency components and if need be the whole spectrum of the transducer
signal, were amplified by a Sanborn D.C. amplifier and recorded by the
Sanborn oscillograph. A block diagram of the equipment employed is shown
in Figure 8.

The audio-oscillator was again employed to assist in the frequency
determination of the accelerometer signal. This signal was modulated
until a more or less stable Lissajous figure was formed on the oscilloscope
screen. The figure would tell at a glance whether the motion was harmonic,
whether one or more harmonic components were present or whether the fre-
quency was unstable and wandered over a certain range. The latter case
usually occurred for excitation of the test plates at frequencies well
removed from the natural frequency provided for in the system.

The accelerometer has been calibrated on a precision shaker. The
result is presented in Appendix B, Figure 2 and shows that the RMS value
of the output of accelerometer plus cathode follower equals 111 mV/g.
(g = 32.17 ft/sec2 ).

IV. THEORETICAL CONSIDERATIONS

A. The Common Model of Vortex Induced Vibrations.

In this section will be presented the model for vortex induced
vibrations as it is usually found or implied in discussions of this
vibration phenomenon.

1. Theoretical Determination of Periodic Lift Forces.

a. The Analysis of von Karman

The usual model of vortex induced vibrations is illustrated in
Figure 9a, b, and c. For R > 50 the separating boundary layers behind a
test plate roll up periodically to form vortices. This happens alternately
on either side resulting in a trail of staggered patches of vorticity which
move with a velocity uv with respect to U.

Von Karman (51), (52) has determined a complex potential, W,
descriptive of such a trail or "vortex street":

W = og sin(z- L)-log sin (z - [1]

in which a = longitudinal vortex spacing
h = transverse vortex spacing

= strftrgth - of each vortex.

Differentiation of Eq. [1] with regard to z and separation of the obtained

complex velocity into real and imaginary parts leads to:
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A
uv 2a

Tnh
tanh --

a [2]

Von Karman also showed that, except for:

-1 - Th/a = n cosh q- = 0.281 [3]

the equilibrium of the vortex array was unstable to the first order. In
the application of von Karman's analysis this "stable spacing ratio" is
usually accepted as being required by the dynamics of the wake.

b. The Prediction of Vortex Strength and Frequency of Shedding.

The problem of relating von Karman's vortex street to structural
vibrations is concerned with the determination of the strength of the
individual vortices, I , as well as the (dimensionless) frequency of vortex
shedding, S = ft'/U, for a particular structure; this involves the prediction
of:

S(Ut'); h(U,t'); a(U,t') and S(U,t),

in which f
tt

U

= frequency of vortex shedding
= a characteristic dimension of the body creating the wake

(in the present study tt = test plate thickness)
= free stream velocity.

Along the lines indicated in section II an estimate for the vor-
ticity may be obtained from boundary layer considerations. Accepting the
value of K/U2 = AN = 0.h, mentioned in II-B-2, one finds:

aK
U-uv

0.h aU
(1-uv7UY

[41j

Eliminating 9 by means of Eq. [2] and acceptance of the stable spacing ratio
h/a = 0.281 leads to:

u u
S(1 - ) = 0.2 tanh n ( ) = 0.14

from which:

u
v = 0.17
U [5]

so that:

9 = o.48 aU [6]
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Von Karman (52) also gave the relation between the wake vorticity and the
form drag, D:

h 9D =Tp - (U - 2u ) + p [7]a v a

Using Eqs.[3],[5] and[6]this reduces to:

D = 0.128 pa U2

so that the drag coefficient, CD, is equal to:

C = 0.26 a/t'

from which a = 3.8 ti - cD[8

Emplying once more the ratio h/a = 0.281, there follows:

h = 1.1 t' * CD D9]

The dimensionless frequency of vortex shedding may be estimated by
means of Eqs. [5] and [8]:

S= ftf = (1 - U) ti/a 022 [10]
CD

Finally for a number of shapes the drag coefficient can be estimated by
free stream line theory along the lines discussed in II-B-2. Thus an
entirely theoretical estimate of relevant quantities is obtained.

In general, however, it will be easier to estimate CD with the aid
of the large number of such data available in the literature. Conversely a
direct measurement of S is indicative of the drag coefficient.

c. Magnitude and Frequency of Periodic Lift Forces.

The usual manner, of relating the vortex strength, V, to a lift force
utilizes Kelvin's circulation theorem which states the circulation around
a fluid curve is constant. Referring to Figure 9a it is seen that the
circulation around a test plate, , would vary between: - ?/2 and
+ 9 /2.

Employing the Kutta-Joukowski relation, the lift force per unit
length is then estimated to vary between:

F L -pUT /2 and FL + pU ?/2
00
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Commonly the lift force is assumed to vary harmonically so that:

FL = 1/2 p U ?e [lla]

in which 6 = circular frequency = 2nf, or also using Eqs. [h]and [10]:

F~ 0.4tv U iwt
L S 2

=F e
10

[11b]

in whicho is the circular frequency of vortex shedding related to the

(supposedly constant) Strouhal number by:

W = 2n SU/t I [12]

2. Structural Response to a Periodic Lift Force.

a. Usual Equation of Motion for the Test Plates.

The test plate-torsion spindle combination, indicated schematically
in Figure 9b, can be regarded as a simple, single degree of freedom system.
The usual equation of motion is:

[13]I'o + c L + k a = 1 a 1/2 p U 9 e = 14 e
r v

0

It

'total

If
c
k
M
v

Itotal + I;
= polar mass moment of inertia around the axis of

rotation of test plate, spindles and attached masses,
= apparent mass moment of inertia,
= coefficient of viscous damping,
= spring constant,
= 1 r F ,r L

1 = distance of the line of action of F to the axis of
rotation of the test plate, L

a = instantaneous angle of attack.

The numerical values for I, c and k are discussed in II-B and
Appendix C. It was found that c 0' 05 cc [ c critical damping =

1/2 cc2(kI)/ = 21&n]. The linear differential equation [13] expresses the
fact that at any instant the resultant of the mass moment, the damping
moment, the spring moment and the forcing moment is equal to zero.

The steady state solution of [13] is of the form:

oc. (w ) eWt [lh]
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i.e., an harmonic motion of frequencyw and maximum amplitude a = a .

At low frequencies the lift moment M e will counteract the
V
0

spring moment, which then may be much larger than the inertial moment. For
large w , M eiG)t overcomes the inertial moment which then is larger thanV

0

the spring moment. At some intermediate frequency the spring- and inertial
moments will balance each other and the forcing moment merely counteracts
the damping moment. The frequency,j r, at which this occurs, is the "reson-

ant frequency. Since c was found to be small W ' CJ , whereW n is the
r n n

undamped frequency of the test plate system. It is readily shown that:

n = (k/I)1/2 [15]

and

cc = 21o [16]Sn

b. Resonant Amplitudes.

At resonance the work per cycle by the external moment, n M a0 ,
vO 00

equals the work per cycle dissipated in damping: nit() c a 0 Hence:
:max M

0

so that at resonant conditions:

a = M /c n [18]

0

It is seen at once that for small damping, which obtains in the present case,
resonant amplitudes of appreciable magnitude may occur.

c. Vibrational Amplitude as Function of Frequency.

In connection with the following discussions it is useful to
further investigate the amplitude of the vibration [14) as a function of w.
After disappearance of the transient part, the solution of {13] may be
written as:

a = a0 e 119]

( cW) +(k,-IW p]1/2
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Making use of Eqs. [15] and [16] there follows:

M /k /2 20]

0 (1- )- + (2 - -)[
[, n c c W

Since M 7k equals the static rotation of the test plate under the action
0

of the (constant) moment M , the amplification factor, m, indicates how
V
0

much, at a given frequency Wo, the static deflection is being amplified.
In Figure 9c the factor m for the case c/cc = 0.05, has been indicated

by a solid line. It is seen that for .= , the static rotation is

magnified by a factor 10.

3. The Common Model of Vortex Induced Vibrations.

The accepted model of vortex induced vibrations states that such
vibrations are brought about when the frequency of the forcing moment,
given by Eq. [12], coincides with the natural frequency of the structure;
i.e.:

= 2nS U/t' = W n [21]

It is to be noted that the foregoing considerations are based on the
concept that vortex induced vibrations are forced vibrations for which the
frequency is a linear function of the free stream velocity. Also von
Karman's mathematical model of the vortex street is made the basis of all
quantitative evaluations. For this reason the vibrations are often re-
ferred to as "von Karman vortex vibrations".

B. Shortcomings of the Notion of "von Karman Vortex Vibrations".

The foregoing exposition makes plausible the occurrence of "von Karman
vortex vibrations". However, a number of the more important shortcomings
and objections of the treatment will be pointed out below. The discussion
is limited to the case of the employed test plates.

1. Inadequate formulation of the Forcing Moment.

Many publications concerning vortex induced vibrations are accom-
panied by a sketch of an amplitude response curve as given by the solid
line in Figure 9c. Such a presentation implies that the maximum foroing
moment, M , would be constant. From the equations [llb], [12] and [13],

0
however, follows:
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ii = (0.2 p 1 ) -U_ eiOt [22]
v r f

which shows that even if the Strouhal number, S = ftf/U, remains constant,
at least M C U. This fact, and its consequence for the amplitude of

0
vibration, is illustrated in Figure 9c by dashed lines.

There is experimental evidence Ref s. (20), (10) and (64) that the
frequency of vibration and presumably the frequency of vortex shedding, may
remain fairly constant over a range of velocities. This tends to broaden
further the region of velocities (see Figure 9c) over which nearly resonant
amplitudes of vibration may occur.

2. Neglect of the Trailing Edge Geometry.

As far as the theory of the von Karman vortex vibrations is concerned
the geometry of the structure dowistream of the separation points is of Io

consequence. In the discussion of section II-C, however, it was found that
the trailing edge geometry constituted a most important variable. This
shortcaming in the theoretical considerations is a direct consequence of
relating von Karman's mathematical model for the periodic wake to an element
of the theory of mechanical vibrations, without regard for the dynamics of
the early wake.

An immediately related question is how the delicate dynamic equilibrium
of the flow near the trailing edge may be influenced by vibrations of the
structure. Particularly for flat plates a definite hydroelastic effect (i.e.
modifications of the hydrodynamic loading due to the plate motion) is
expected as a result of an increase in two-dimensionality of the wake. A
direct dependence of this effect on trailing edge geometry is anticipated.

3. Disregard of the Relation between Wake Structure and Reynolds Number.

The theoretical discussion of the "von Karman vortex vibrations"
based on the assumptions of an ideal fluid cannot reveal a dependence on
the Reynolds number. Yet experiments show the existence of such a relation.

In the first place the Strouhal number which was tacitly assumed to
be a constant, is a function of the Reynolds number. For a circular cylinder
e.g. the Strouhal number varies as shown in Refs. (43), (27) and (38), from:

S = 0.11 at =60 to S = 0.20 at R = 103

and from:

S = 0.19 at R l05 to S = 0.35 at R = 106

The last variation, which is more likely to fall in a Reynolds number
of practical interest than the first one, can be explained by a rearward
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shift of the separation points, If the Strouhal number were based on the
new distance between the free shear layers, S would probably remain constant.

Secondly, there are the profound changes in wake structure that occur
when R increases from low to high values; these changes were already
indicated in S ction II-B-1. In fact, for Reynolds numbers larger than
P = 10 to 10 all visual evidence of wake periodicity such as a vortex

street is absent and only bystatistical means is it possible to distinguish
a predominant frequency component of the velocity fluctuations in the wake
flow. It follows that in those cases a treatment of the vibration phenomena
which employs relations following from the consideration of a vortex street
(e.g. the use of the ratio h/a = 0,281 as being necessitated by von Karman's
stability argument) places an improper emphasis on the physical occurrence
by directing attention to the asymptotic wake behavior rather than to the
early wake, larger R 's will bring three-dimensional conditions and an
attendant phase shift of the lift force between locations along the trailing
edge. This may result in a decrease in the magnitude of the net lift force.

The experimental findings of Roshko (28), McGregor (33), Macovski (45)
a.o. indicate that even close behind a steady object an increase in pleads
to three-dimensional conditions in the sense that the vortex formation at
various points along the trailing edge may not be in phase. Rather than
the increase in lift force with increasing U (and hence R ) according to
Eq. [22], the net lift force may remain constant or even decrease. In any
case instability of the net lift force may be anticipated with increasing R.

4. The Occurrence of Instabilities in Vibrational Amplitude.

Results obtained by Price (7) and by Penzien (9) clearly indicate
that the amplitude of vibration of a circular cylinder suspended in a
fluid flow, exhibits marked instabilities. The sudden changes of the
vibrational amplitude, shown in Price's sample record, are an indication
that non-linear effects may be involved in the vibration phenomenon.

However, the equation of motion, Eq. [13], is a linear diffemntial
equation with constant coefficients. The resultant solution of Eq. [13]
should therefore show the continuity characteristic of linear systems.

It follows that the noticed instabilities point to an unsatisfactory
formulation of the basic equation of motion.

C. Test Plate Vibrations of Hydroelastic Origin.

A number of shortcomings in the usual formulation of von Karman vortex
vibrations have been noted above. In this section a reformulation of the
problem is sought by taking into consideration some hydroelastic character-
istics of the vibration. After a formulation of these characteristics in
section IV-C-1, a possible form of the equation of motion is derived
(section IV-C-2) which, in order to simplify its discussion, is reduced
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in section IV-C-3. In section IV-C-4, finally, the properties of the reduced
equation of motion are discussed and the anticipated amplitude response
curve indicated.

1. Hydroelastic Characteristics of the Test Plate Vibrations.

A priori the following hydroelastic effects (i.e. substantial changes
in the hydrodynamic loading due to elastic deformations) may be anticipated:

a. Apparent Mass Forces.

The fluid particles along a vibrating plate must be accelerated
transversely causing a reaction force of considerable magnitude. This
periodic force is the familiar apparent mass force. The theoretical deter-
mination of this force, discussed in Appendix C, shows that its magnitude
is about twice as large as the inertia force for a 1/h" test plate.

b P-ridc r Tift FnrcP diui tr Pt Vi h-ra+.nm

A periodic motion of the plates will result in a continuously
varying angle of attack, p = P (a,c,U), which gives rise to a periodically
changing circulatory flow around the plates and hence to a periodic lift
force acting on the plates.

c. Wake Structure along Trailing Edge.

With increasing Reynolds number the two-dimensional wake structure
near the trailing edge will be replaced by a three-dimensional one. That
at non-resonant conditions, there still obtains a periodic net lift force
seems to point to a unifying action of the proximity of the trailing edge
on the developing vortex filaments.

Conversely it is likely that fast transverse motions of the
trailing edge influence the wake structure and even restore its two-
dimensionality.

A vibration of the test plates may thus bring into play a greatly
increased lift force (compared to the force acting in the steady object).
This hydroelastic element could lead to self-excited plate vibrations.

2. Formulation of a Hydrodynamic Forcing Function.

The objective of the following attempt at a qualitative formulation
of a reasonable forcing function is to make plausible the shape of the
amplitude response curves determined for the test plates as well as the
character of the investigated vibrations.

In formulating a hydrodynamic forcing function the assumption will
be made that the circulatory flows associated with "vortex shedding" are
practically confined to the boundary layer region. Above discussions then
suggest regarding the flow and forces as a superposition of the elements
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indicated in Table 1. A more detailed description of the lift forces
associated with each of the flows of Table 1 is given below:

Flow gives rise to: due to: estimate on the basis of:

a. Viscous Circulatory Pulsating dis- Assumptions,
Flow. boundary flow; charge of bound-

lift force as- ary layer =
sumed to act "vortex shedding".
near the trail-
ing edge.

b. Potential Circulatory Necessity of Thin Airfoil Theory.
Flow. potential flow; satisfying the

lift force act- Kutta-condition.
ing at 1/4-
chord.

c. Potential Transverse flow; Transverse plate Thin Airfoil Theory.
Flow. apparent mass motions as result

moment and lift of pitching and
force acting translation of
at 1/2-chord. plate elements.

Table 1. Assumptions regarding the Forcing Function.

a. Lift Forces due to Vortex Shedding.

In keeping with the above assumption the formation of vortex
filaments will be accompanied by periodic 'increases in boundary layer
discharge from either side of the plate. Since vortices mature the greater
part of a half cycle and are swept away fairly suddenly at the end of that
period, the second leading term in a Fourier series development of the
periodic, symmetrical lift force per unit length of plate is anticipated
to have a negative coefficient:

S u2 inw t U2 i ot i3w) tL' = S B ne = B 1e - B2 e
n

in which: B. = dimensional coefficients.

+ . [23]
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Since the mechanical spring-test plate system is a linear one the amp-
litude of motion is then expected to be given by-

A n i(nwt + On) = At ei(W t + A ei(3wt + 3 )1 e1-A3 3 + ... [2b.]
n

A most important hydroelastic effect is that the two-dimensicn-
ality of the wake increases with amplitude. To take this into account Eq.

[23] may be multiplied by a magnification factor M:

M = J2(A', GR , S)
n t

in which G is a factor depending on trailing edge geometry, R = Utt/v is

related to the stability of the downstream wake and is indicative of the

boundary layer thickness at the trailing edge. It is considered that the
role of R is secondary in the case of large amplitude vibrations. It is
also assumed that a large G is associated with a trailing edge geometry
which is suitable to enhance two-dimensionality of the wake, As a con-
sequence of these assumptions the above relation may be written:

M/G = M(A).n

It is sufficiently general to assume M to be a linear combination of (A' )n:

M/G = a /G + a A' + a2A 
2 + a3A1

3 + [25]

so that the net lift force, 1, becomes:

L' = (U2 /s) am(A' )m B ein t) [26]
m n

The choice of the coefficient amin Eq. [25] depends on physical considera-
tions, Even if the object is steady a net lift force will be present, so
that as is a positive constant. When the motion develops a rapid increase

in M may be expected. Ultimately, however, M .must tend to a constant as
the wake approaches nearly two-dimensional conditions. Such a trend is

e.g. given by:

I/G = a /G + tanh a A = a /G + tanh A
s 1 S

in which case Eq. [25] reduces to:

M/G = a /G + A - A +.... [27]
s 1 3 1
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Employing Eqs. [23] and [27] to expand Eq. [261:

L= (U2/S) (a + GA - GA 3) B e C~tv s 1 3 1 1

(a + GA - GA 3) Bei3w t [28]-s GA1 ) 3e

Near resonance GAI>> as. Further, for nearly harmonic motions the

influence of aSB 3 ei3t will be small relative to that of asBleiwt.

Therefore the term aSB 3 ei 3 W)t will be neglected.

To the same order of approximation as implied in Eq. [251,
A1 is given by A1 = ae-iWt, the phase angle Ol being irrelevant in
this connection. Substitution in the foregoing equation then gives
(per unit length of plate):

= - GB 3 (e
2  _a) a + (M) B eiW t] U2/S [29]

The point of application of this force is unknown, so that the moment
around the leading edge can only be given by Mv = XbLr.v v

b. Non-Circulatory Potential Flow

Forces and moments due to unsteady pitching of a two-
dimensional thin flat plate about its leading edge have been calculated
in the classical work of Theodorsen (67). These techniques still serve
for flutter calculations and have oeen interpreted and summarized by
Bisplinghoff et al. (70) among others.

It is first assumed that the flow along the plate is composed of
a uniform portion (U,o) and a perturbation (u;, v) so that ul << U and
Vi (< U.

Laplace' s equation

V 2 Vt = 0

is then solved for the disturbance potential, Vt, under the boundary
condition

Iyp byp byp 3 yp
V =+ (U+ui) - + vi --

Dt t x OY

3 yp by

' -YP + U Yp [30]
)t A x
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where , = 0 and -b- x : b.

Referring to Fig. 10-a;

= -Ua - (b+x)a [31]

Theodorsen distributes sources and sinks along both sides of the line y = 0,

bl b to obtain V1 in terms of vT. Since -pt = pgt in incompressible flow

the pressure distribution and thus the lift force and moment may be obtained.

The oscillations of the plate about its leading edge can be resolved

into an oscillating translation of its mass center and an oscillating

rotation about that point. The apparent mass effect will then be in two
terms:

A .lift force applied at mid-chord:

3..
L'I = -rpba

and an apparent moment of inertia about the centroidal axis:

M = l.125 rpb a

The total moment acting due to the non-circulatory potential flow is

thus (per unit of length).

M1 = npb (.5 E a - 1.125 i) [32]
n.c. sb

c. Circulatory Potential Flow

In order to satisfy the Kutta-condition of finite velocities at the

trailing edge Theodorsen superimposed a flow pattern consisting of vortices

along the line of the plate coupled with counter vortices moving with the

flow along the x-axis in the wake.

The Kutta-condition applied to a thin flat plate of chord 2b in steady

flow yields the familiar equation for lift per unit of length:

Lc = 2npbU'sin a [33]

in which U sin a may be called the "downwash", w.

For unsteady pitching about the leading edge Theodorsen obtains:

L = 2C rnpbU w (L)

and [3)]

c _)b2 W /4
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in which w 3/is the "downwash" at the 3/4 chord point for the pitching

plate and is given, for small a, by:

w = U a + 1.5 b a [35]

For simple harmonic mo.tions:

a = A eWt

C = C( ) = Theodorsen Function

K l(ij)

K id) + K(T1 [36]

In the Theodorsen function Ko and Kl are modified. Bessel functions anK
the reduced frequency, A, is related to the Strouhal number, S, by:

25 S [37]

for the 1/h" thick and 2 inch long plates used.

For the present range of interest;

S Ak(A
0.27 6.7 0.501 + 0.021 i

0.20 5.0 0.503 + 0.025 i [38]

0.14 3.5 0.505 + 0.035 i

The moment due to the circulatory flow is thus:

MI= -np b2 U2 C(A+)[ a+ &] [39
c2U

Combining Eqs. [29], [32] and [39] the equation of motion per unit length
of test plate becomes;

If a + cl L + kla = MI + iP + M7 =M [40]
t v c nc,
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3. Formulation of the Reduced Equation of ijotion

The shape of the amplitude response curves following from Eq. [40]

is complicated by the fact that MI = M'(U,f). In this section a reduced

form of Eq. [40] is introduced which facilitates the discussion of the

differential equation.

The equation of motion for the (H = 911) test plate-torsion spring
system is given by:

I a + c + ka = H Mt + H MI + H Mt =H MI [4l]It v~k~M c n.c.

The only term on the r.h.s. not dependent on U is due to the apparent

mass force associated with the translation and pitching of plate
elements:

i~ (H)1.1$ n p 0 a;

IV may be combined with the mass moment of inertia.

As long as the nn-linearities introduced by the influence of the

plate motion on the wake structure are not too pronounced, the amplitude

of vibration should be approximately proportional to U3/f CU2 /S (see
Ea. [22]). Upon dividing the measured amplitudes of plate vibration by
U /S, the expected amplitude response curves should resemble, in form,
those of the system:

(I + I), + ca+ ka - H XbGB3(e 2 t Ica2)

+ H XbB (M)elWt - npHb2 SC(4.) (a + 3 b) + 2npH b3S a [42]

which was obtained by dividing the moment, MI, of Eq. [41] by U2

bS
By making use of the relation a = 25iSa and selecting:

S = 0.27 so that accoding to Eq. [38]:

C($) = FI(#) + GI(I) = 0.501 + 0.021 i

Eq. [42] reduces to:



(c - np H b ) [ k k+ 15p H b 1.532)t 7 U L 2.nPb(

-H X b GB a+ H X b GB e H X b B (M)e [431

Equation [43] now is an equation of motion for a one-degree-of-
freedom system with non-linear restoring spring and slowly varying damping.
This equation will be called a "reduced equation of motion" since the
explicit role of the free stream velocity has been eliminated.

However, the terms in the coefficients of U, a and a can no longer
be contracted numerically. Therefore the conclusions from Eq. [431 will
be qualitative only and the equation is best written:

Ia + (c - m -)a + (k + m2S - 1.5 22s2 - m3a1 U 2*2 3

+ mh cos 2ot)a = m5 (M) coswt [hh]

It is seen that for the reduced equation the hydrodynamic damping
increases with the velocity U. A decrease in S, mentioned in Section IV-B-1,
which may occur when W p = W n will have a similar effect. In addition the

decrease of S is equivalent to a decrease in the effective spring stiffness
which shows algebraically how the deviation of the frequency of vortex
formation from its "steady object" value leads to a non-linear effect.
Even if S were constant (as has been assumed in most previous discussions)
non-linear effects, discussed in the next section, will be present.

4. The Reduced Amplitude Response Curves.

There does not seem to be an established theory by which an equation
of the type of Eq. [44] may be solved, Without the presence of the term
m a2 the equation would still be linear and could be identified as a
"? athieuls equation". The theory of this function has been treated in
detail, The form of the solution depEnds on the values of (k-m2S)/I and

md/I as has been indicated in Figure 10c. In the case of a "stable"

solution the vibration may be nearly harmonic except for the continuously
varying amplitude of vibration (case A - Figure 10c). In the unstable case
the amplitude grows until non-linear effects in the system limit or even
diminish it. Probably the process then starts anew (case B).

If the term m cos 2w t were absent, but m 3 a present the now non-
linear Equation [44] can be identified as "Duffing's equation". Methods
to obtain approximate solutions are treated elsewhere, (68). The resulting
amplitude response curve can be thought of as formed by bending over to
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the left the usual response curve for the linear case. It is seen that
then 3-valued solutions arise for the vibrational amplitude. In actuality
jumps in the amplitude will occur as has been indicated in Figure 10d.

On the basis of these considerations the amplitude response curves,
plotted as a function of the frequency of plate vibration are expected to
exhibit the following features:

a. The reduced amplitude response curve will resemble the curve
for a linear system after it has been bent to the left (see
Figure 10d); it is bound to the left by a vertical portion D-C
of unstable amplitude,

b. For certain trailing edges the factor G in Eq. [28] may be
large, making for a larger forcing moment. The response curve
will in that case give the impression of being stretched verti-
cally compared to the usual curve resulting from a constant
forcing moment of varying frequency (see Figure 10b).

And on the basis of Figure 10c it is concluded that:

c. The vibration may be slightly unstable in its amplitude or
that the vibration may be unstable and appear spasmodic.

d. It has been mentioned before (10), (20), (64) that near
resonant conditions the frequency of vibration may remain fairly
constant over a range of free stream velocities so that the
Strouhal number, S, may fall below its customary (or "steady
objectt) value. Referring to Figure 10c it is seen that (going
from A to B) an unstable condition may then be reached, which
could limit such a decrease in S. Instabilities in the
vibrational amplitude will namely terminate the two-dimensional
structure of the early wake which is instrumental in causing the
deviation of S from its customary value.

The reduced equation [44] may obscure the fact that the actual damping
coefficient, cf, in the complete equation of motion is:

C E = c L m1U [hha]

which would indicate that a sufficient increase in free stream velocity
leads to negative damping. Physical reality would then dictate a non-
linear damping coefficient so that at relatively high velocities instabili-
ties are expected in the form of relaxation oscillations (cf. van der Polls
equation). This latter effect can not be revealed, however, by the linear
thin airfoil theory employed in this development.

The decrease in hydrodynamic damping together with the proportion-
ality between forcing function and U: may render a higher mode of vibration
more dangerous than the fundamental one.
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V, PRESENTATION AND DISCUSSION OF RESULTS

A. Some Exploratory Tests with 1/8"-Thick Test Plates

I. Amplitude and Frequency of Plate Vibration

The first plate tested had a semi-circular trailing edge (see
Table 2). It was reasoned that the instability of the separation points
at the trailing edge might be the principal cause of a variation in lift
which the plate motion itself could then sustain. For this reason, the
trailing edge of plate #2 was given a 900 groove resulting in two fixed
separation points. The amplitudes of vibration were indeed substantially
smaller.

Pursuing this approach, plates #3 and #4 were tested. It was
thought that easier curvatures near the trailing edge would promote insta-
bility of the separation points. However, these plates exhibited hardly
any vibration at all, whereas plate #6 with two definite separation
points appeared the most susceptible to "singing".

The magnitudes of plate motion given in line 3 of Table 3 were
obtained by considering the amplitude of the modulated strain gage signal
in the cases for which a clear and stable Lissajous figure was observed
on the oscilloscope. By means of a static calibration curve for rotation
vs. transducer output, it was found that the maximum plate rotation from
the neutral position was of the order of 0.015 radians for plate #6 to
0003 radians for plates #3 and #4. This corresponds to a transverse
motion at the trailing edge of 0.25 t' and 0.05 t' respectively where t'
is the plate thickness. For non-resonant conditions this decreased to at
least 0.02 t' i.e., 0o002" or less. In determining these maximum ampli-
tudes from the Sanborn record traces, values associated with frequencies
between 150 and 225 cps were not taken into consideration. For this
frequency range an unwanted amplification of the strain gage output due
to resonance of the restraining leaf spring could be expected.

The predominant frequencies, f, obtained from the wave analyzer
records are correlated with free stream velocity, U, for the various
trailing edges in Figure 11. All data were obtained for the same support
stiffness. For plates #1 and #6, in particular, discontinuities in the
frequency response curve are noticeable which give the curve a stepped
appearance. In line 2 of Table 3 the test plates have been grouped in order
of increasing "step behavior".

In order to arrive at a representative Strouhal number, S = ft'/U,
straight lines were drawn through the origin and the points of maximum
amplitude which, as a rule, were located near the middle of a step. The
Strouhal numbers thus determined are given in line 4 of Table 3. If the
straight lines are drawn such that all data points lie just to the right
of it, somewhat higher Strouhal numbers result as indicated in line 5
of Table 3.
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In an attempt to explain the appearance of the steps in the "f vs. U
curves" the predominant frequencies have been tabulated in Table 3 for each

of the test plates. A predominant frequency is defined as the frequency for
which the amplitude of plate motion reached a maximum. This was often
evidenced by audible singing of the plate. Since the maxima in general
occurred in the middle of a step the predominant frequencies could be

defined alternately as those frequencies of vibration which tended to persist
during small changes of the free streamvelocity.

2. Discussion of Results and Conclusions

a. Frequency vs. Velocity

The results obtained with the series of six test plates show
appreciable variation of response as a function of trailing edge geometry

as may be seen from Table 3. Not only are there large differences in

maximum amplitude of vibration but also the susceptibility to vibration
as evidenced by the number of discrete frequen.ies (line 6. Table 3) varies
considerably amongst the test plates.

Table 3 shows a noticeable correlation between step behavior,
amplitude of vibration, Strouhal number and excitability of the plates.

No direct explanation can be advanced for the order in which the
plates appear in Table 3. If the argument about the stability of the

separation points is eliminated as unsatisfactory, the behavior of plates

#3 and #4 can still be made plausible by assuming that the Strouhal number

is proportional to the distance between the free slhear layers at the

trailing edge, t , rather than to the trailing edge thickness itself.

For both these piAt.As the displacement of the separation points to the
rear could increase the frequency of vortex formation such that the relatively

large mass forces cannot be overcome any more and the plate is steady.

Another explanation could be that a decrease in t leads to

an increase in annihilation of vorticity at the trailing edge ue to

diffusion of one shear layer into the other.

The behavior of plate #6, which presumably has well defined
separation points, remains unexplained, however.

b. "Step" Behavior

It is seen in Table 3 and Figure 11 that frequencies around
165, 180 and 510 cps are present irrespective of the particular trailing
edge geometry. This is a strong indication of structural resonances in the

plate-spring system. In order to substantiate this computations were made

of the possible natural frequencies of the plate-spring system lying below

700 cps0 Most of these calculations involve assumptions so that the answer

can only be approximate. The leaf spring was chosen very weak so that the

natural frequency, f , of the system would be below 40 cps (in air). The

computed apparent mass effect reduces this to 25 cps in water. This frequency



1. Trailing Edge
Geometry

2. Plate number and
order of testing: #1 #2 #3 #4 #5 #6

Table 2. Trailing edge shapes of 1/8"-test plates.

1. Plates in order of
increasing step
behavior:

2. Plates in order of
increasing amplitude
of moti-on:

3. Observed maximum ampli-
tudes in radians for
the plates in the
order of line 2: .003 .0035 .004 .Qo5 .014 .016

4. Strouhal numbers for
the plates in the
order of line 2 and
based on maximum
amplitude data: - .237 .224 .212 .206 .146

5. Strouhal numbers for
the plates in the
order of line 2 and
based on maximum
frequencies: - .251 .240 .219 .229 .174

6. Frequencies associated 85 80 95
with larger amplitudes 165 165 175 164 156
for the plates in the 205 205
order of line 2: 293 286 285

380 380 375 390 380 370
470 450

520 530 510 500
570

620 600 670 615 680
740 740

Table 3. Experimental results for 1/8"-test plates.
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is apparently not involved in the results shown in Table 3.

Depending on the assumptions concerning the fixity at the test
plate ends the natural frequency for bending vibrations in air is 90 and
200 cps. The apparent mass effect reduces this to between 45 and 100 cps.
Possibly the 80 to 90 cps component which often stood out somewhat in the
noise of the lower part of the frequency scale is thus accounted for.

Elimination of the effect of the natural frequency of the leaf
spring itself was provided for by making the stiffness of the spring support
easily variable. The reported series of test, however, were limited to a
support stiffness yielding a natural frequency in flexure of from 145 to
221 cps for the first mode and from 46 0 to 590 cps for the second mode.
Comparison of these values with the observed frequencies recorded in
Table 3 shows that the 205 cps and 570 cps vibrational components can
possibly be explained.

The aluminum spindles around which the plate rotated also possess
natural frequencies in bending and torsion. The fundamental bending fre-
quency was computed to lie between 450 and 600 cps. The comparable value
is not unrealistic in many cases and is seen to be markedly present in the
data. Finally the 380 cps component of the data can possibly be explained
as a combination of a second torsional mode of the spindle and a second
bending mode of the leaf spring.

In short, these computations indicate that the steps in the
f vs. U curves and the singing (i.e., audible vibration) which was often
associated with it were due to resonance at natural frequencies present in
the system. Thus the conclusion was drawn that the lift forces due to the
periodic discharge of vorticity of alternating sign were so small that
singing could only occur at a natural frequency of the vibrating object.

In addition to a possible reformulation of the Strouhal number
technical interest is, in the light of the above, centered on the resonant
and near-resonant plate behavior.

3. Apparent Mass Forces

In the formulation of a mechanism for the test plate vibrations an
accurate knowledge of the apparent mass forces will be useful. Mainly due
to end-effects these forces can only be computed approximately. They were
therefore compared with experimental determinations of the apparent mass.
Both the computed and experimental data are presented in Appendix C and
show that the apparent mass moment of inertia is about four times as large
as the moment of inertia of the plate itself,

4. Modification of Equipment

It therefore was decided to study in detail the response near or at
a natural frequency of the system as a function of trailing edge shape and



restraint. To this end the test plate - leaf spring system should essen-
tially behave as a single degree of freedom system. The 1/8" plates and
the leaf spring were judged inadequate for this purpose.

To prevent bending vibrations of the plate its own flexural frequency
should be much higher than the natural frequency of the plate-support
"system", Added stiffness means added mass, however, which is detrimental
from the standpoint or accuracy when measuring small forces. The alter-
native, provision for very low system frequencies, is unsatisfactory since
the forcing forces became quite weak in the low frequency range. Plates
1/4" thick were finally selected, a new torsional restraint was installed
and an accelerometer was substituted for the strain gages.

B. Vibrational Frequency vs. Free Stream Velocity (1L/h"-plates).

1. "Strouhal Graphs"

Tn Figures 12 through 16 are presented a series of "Strouhal Graphs".
i.e., a correlation of predominant vibrational frequency and free stream
velocity, similar to those presented in Figure 18 for the 1/8" plate. The
data for each trailing edge and rotational axis are shown on separated
plots. On each plot the data are identified according to the particular
plate restraint used. These positions are indicated in the records and on
the Figures 12 through 16 as #1, #4, #5, #7 and free, meaning that the
spindle was clamped 1, 4, 5, .... inches below the transition between the
0.6" diameter and 0.375" diameter portions of the spindle.

As expected the data for the "free" case usually plot along a straight
line in the Strouhal graphs. The slope of this line then gives the Strouhal
number. When a particular natural frequency is provided in the system the
points in the Strouhal graph deviate from the line found in the free case
as soon as the frequency of vortex shedding is sufficiently increased to
nearly coincide with fn. The deviation may be so large that a nearly
horizontal step is formed in the Strouhal line. After a sufficient increase
in velocity the rate of vortex shedding is no longer controlled by the
proximity of the fn of the system and points plot again according to the
Strouhal relation provided a region of secondary resonance has not been
reached. For a qualitative explanation of the discontinuity at the end of
each step in the Strouhal graph see the discussion in Section IV, C-2-iiii.

The Figures 12 through 16 are actually combinations of 3 or 4
"Strouhal graphs" prepared individually for each plate and each stiffness
condition. Strouhal numbers determined from the individual plots have been
presented in Table 4, showing that for non-resonant conditions the stiffness
has little influence on the value of the Strouhal number.

The average of the Strouhal numbers for each of the plates as found
in column 6, Table 9, have been compared, in Table 4, with values found
previously for the 1/8" test plates:
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Strouhal Numbers for Plate No. 2 or 12 5 or 15 1 or 11 6 or 16

Test Plates pivoted at

1/8" plates leading edge 0.219 0.240 0.229 0.174

1/4" plates leading edge 0.249 0.246 0.275 0.139

1/h" plates 1/h-chord 0.258 - 0.274 -

Table 4. Comparison of Strouhal Numbers

It is seen that in three out of four cases the Strouhal numbers for

the 1/h"t plates are higher than those for the corresponding 1/811 plates.

For plate #16, however, S16 is below S6. The reason for these differences

is not immediately clear.

The exceptionally low value of S6 and S16 are attributed to a boundary
layer separation effect. The transverse plate motion may temporarily pre-

vent separation at the beginning of the tapered trailing edge so that the

separation point is shifted to the end of the trailing edge. This results

in a sizable decrease in S, since experimental findings (36), (58) indicate

that S is proportional to the distance between the separating shear layers.

With an increase in U, however, separation is expected to always occur at

the beginning of the trailing edge. This trend is indeed present and has

been indicated in Figure 16 by the line S = 0.272, which is more in line
with the experimental results obtained for the other plates.

For the cases allowing for plate rotation around the leading edge and
1/h-chord respectively the difference in S is small. Reasonable agreement
between these values could be expected, since S is found from the slope of

a line determined by non-resonant frequency values. For non-resonant

conditions the amplitudes of vibrations are so small that steady state

conditions are approached.

From the Strouhal graphs it is possible to discern between the data

which were strongly affected by the system fn (points plotting on the

nearly horizontal portions of the curve) and those which are essentially

independent of this elastic characteristic (points plotting along the

sloping lines).

2. Sub- and Ultra-harmonics

The Strouhal graphs are based on the predominant frequency present in

the accelerometer signal. In many cases other frequencies were present

simultaneously. Examples of test runs for which these frequencies were

recorded, are given in Table 5.
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During resonance the 3rd harmonic is present distinctly for the
plates #11 and #16. Also the 7th harmonic often appears. Occasionally
the 5th harmonic is encountered. For plate #15 on the contrary, the
2nd, 3rd, 4th and 6th harmonics proved present during resonance (for
plate #12 no such record was kept).

Plate U Frequency of f
Pivot and in Components, predominant component,
Position of fps f, in cps fpr
Clamp

1 2 3 4

#11 7,0 89, 275, 630 1.0, 3.1, 7.1
leading 8.2 91, 276, 645 1.0, 3.0, 7.1
edge 9.1 93, 262, 660 1.0, 2.8, 7.1
Clamp #1 9.9 96, 270, 670 1.0, 2.8, 7,0

10.8 98, 295, 690 1.0, 3.0, 7.0
fn = 96 cps ------------------------- end of "step"

fr = 95.5 cps 12.3 108, 158 1.0, 1.46
13.3 172, 255 1.0, 1.48
14.3 188, 225 1.0, 1.20

#15 7.3 random around 101
1/4-chord 9.5 105, 210, 315, 1.0, 2.0, 3.0
Clamp #1 420, 630 4.0, 6.0

9.8 104, 208, 312, 1.0, 2.0, 3.0
fn = 121 cps 624, 6.0

10.3 110, 220, 330 1.0, 2.0, 3.0
660 6.0

fr = 103 cps 11.5 125, 250, 375 1.0, 2.0, 3.0
12.7 135, 270, 305 1.0, 2.0, 2.3

#16 8.2 82, 246 1.0, 3.0
leading 8.9 85.5, 256, 605 1.0, 3.0, 7.1
edge 9.4 87, 262, 620 1.0, 3.0, 7.1
Clamp #1 10.3 88, 265, 620 1.0, 3.0, 7.0

10,7 88.5, 265, 620 1.0, 3.0, 7.0
fn = 96 cps 11.7 89, 268, 630 1.0, 3.0, 7.1

12.7 91, 272, 635 1.0, 3.0, 7.0
fr = 96.5 cps 13.2 91.5, 274, 6ho 1.0, 3.0, 7.0

15.0 93, 280, 665 1.0, 3.0, 7.2
.16.8 96.5, 288, 675 1.0, 3.0, 7.0
18,o 99, 297 1.0, 3.0
----- -------------------- end of "step"
19.4 136, 300 1.0, 2.2

Table 5. Ultra-harmonics at resonance,
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The Strouhal graphs further show a second step at a frequency, fsr,
which is considered to be associated with the 2nd torsional mode of the
torsion-spring rod. (For #15 no such record was taken). Table 6 shows,
however, that fsr # 3fn in all cases which indicates that the spring
stiffness is influenced by the amplitude of motion.

It is not clear why this effect should be so much more pronounced
for plates pivoted about the leading edge than for plates pivoted around
the 1/h-chord line (see Table 6, column h).

A further peculiarity is the fact that beyond the speed at which the
secondary resonance sets in, the vibration possesses a frequency component
which is given by the Strouhal number. This gives, if the vibration is
regarded as forced by vortex shedding, the secondary frequency the character
of a subharmonic frequency.

The presence of sub- and ultra-harmonic components is readily made
pla-Pible frm thIne w ̂ -Yn tid-A tin - n - " n -n-; )ni nnea eq i - 3 ;n) ol-in th I-)a fi ng-PP!Y)c -oL . . I1 A ~ _-~ Na IV- L h _L %.'24- U..1 -_.. N_1_2 11V . _2f1 2+ V_" 1"L- W -c fu P-

and Mathieu's equations (see Reference 68). It is difficult to assess,
however, to which extent purely mechanical factors are present, e.g., due
to the "step-tapered" shape of the torsion rod. In this connection the
inexplicable appearance for the plates #11 and #16 of the step in the
Strouhal graph for the "free" case is to be noted.

3. Natural Frequency and Apparent Mass Determinations.

The analytic determination of the torsional natural frequency, fn,
of the test plate - accelerometer - spindle system as well as the torsional
stiffness, k, of the spindle can only be approximate. Both characteristics
were therefore determined experimentally. They are presented in Figure 17
and discussed in the Appendix C.

From the e.stablished values of fn and k, the apparent mass maoment is
readily computed. This determination, which also is found in Appendix C,
shows that end-effects were eliminated by the addition of small end plates
(see Figure 7) to the 1/41" test plates.

A determination of fn for plate mountings which allow for rotation
around the 1/h-chord is given in Appendix C.

C. Vibrational Amplitude vs. Free Stream Velocity.

1. Presentation and Discussion of the Amplitude Records.

Simultaneously with the determination of the frequency components of
the accelerometer signal, the total strength of the transducer output

(measured with an RIB-Volt meter) as well as the strength associated with

the predominant frequency components (measured with a Wave Analyzer) were
recorded.

These data are presented and discussed as follows:
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Plate Position Natural Frequency, fsr
and of Frequency fsr' of
Pivot Clamp fn secondary n

resonance

cps cps

1 2 3 4 5

#11 1 96 250 2.6
leading 4 81 205 2.5
edge 5 60 183 3.0

7 41 177 4.2
fre- 165--

#16 1 96 --- ---
leading 4 81 210 2,6
edge 5 60 178 3.0

7 41 168 4.1
free -- 160 ---

#11 1 121 235 2.5
1/4- 4 103 185 2.3
chord 5 78 155 2.5

7 51 1h0 2.7

#12 1 121 --- ---
1/4- 4 103 --- ---
chord 5 78 158 2.0

7 51 140 2.7

Table 6. Secondary Resonant Frequencies.

a. the amplitude response curves (i.e., total transducer
output vs. the free stream velocity ratio, U/Ur) -
section V-C.

b. the maximum vibrational amplitudes taken from the
amplitude response curves - section V-F.

co the extremes of the amplitude of the predominant
component vs. U/Ur - section V-E.

d. the reduced amplitude response curves (i.e., the ampli-
tude response data divided over U3/f vs. U/Ur - section V-G.
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2. Amplitude Response Curves

For a harmonic vibration of the test plate the Volt-meter reading
of the total accelerometer signal is:

- 1/2
RIB= Fa 2 4sina 2)il /2 a 2 ~a 2 [450  0 ot

in which: C0 = 2nf

f = plate vibration in cps

ao = maximum amplitude of accelerometer motion

aot = maximum amplitude of plate motion at trailing edge.

Therefore an indication of the amplitude of plate motion is obtained by
dividing the Voltmeter reading by the square of the predominant frequency,
f, determined by the Wave Analyzer.

During resonance the vibration could be reasonably harmonic, but for
non-resonant conditions the frequency was unsteady in which case the
RMS/fp value leads to a fictitious amplitude.

The amplitude data are presented in Figures 18 through 21 and 23
in terms of a relative amplitude, 2ao/t', in which t' = plate thickness
= 0.25".

As shown in Appendix D, the ordinates of the amplitude response curves
are to be multiplied by a factor 1.2 in order to obtain the vibrational
amplitude at the trailing edge.

The determination of the conversion factor to convert the transducer
output to the relative amplitude, is also given in Appendix D. For check-
ing purposes some direct measurements were made of the amplitude of motion
during resonance. The measurements, made by means of a micrometer and
reported in Appendix E, agree reasonably with the amplitude values measured
electronically.

From inspection of the Strouhal graphs the velocity at which structural
resonance occurred was estimated. For speeds close to that velocity the
record of amplitude values was inspected and a "resonant velocity", Ur,
selected, which is defined as that velocity for which the amplitude data
showed a maximum. The prevailing vibrational frequency was designated as
the resonant frequency, fr. The Ur's and fr's thus found have been
collected in Table 9.

All test section velocities below the influence of the secondary
resonance were rendered dimensionless through division by Ur and the
resulting ratio was plotted against the corresponding dimensionless
amplitude, 2ao/t. The amplitude response curves are presented in Figures
18 through 21 and 23 for the four different 1/4" plates selected. For
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PLATE No.12
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each plate several restraints or "clamp positions"? have been used.

D. Reproducibility of Experimental Observations.

The phenomenon under investigation exhibits unstable features, Also
the number of conceivably relevant variables is large. Therefore the question
of how reproducible the experimental results are, is of particular importance.

1. Reproducibility of Vibrational Frequency and Amplitude

Figure 22 shows the results for three different test runs with plate

#1, for which the mounting conditions were selected to be similar. No
effort was made to also duplicate variables such as the ambient pressure
in the test section, the amount of tunnel vibration and the sequence of
measurements (i.e., increasing or decreasing test section velocity).
It is seen that the steps in the Strouhal curve were well duplicated,
but that agreement in the indicated vibrational amplitude was less favorable.

Similar features are shown in Figure 23 which presents data for two
test series made for plate #11. In absolute value the maximum amplitudes
differ by more than 100 O/c). However, a subsequent redetermination of the
maximum amplitudes for plate #15 showed very good agreement with earlier
obtained values.

The resonant frequencies, fr, and velocities, Ur, show good agreement
as can be seen from the following data, in Table 7, taken from Figure 23.

(2ao) (2ao)
Plate #11 U U ff (r2 ) 1 (a 2

Clam Poito rl r2 rl r2 t 1  tClamp Position

#1 9.9 10.1 96 95.5 1900 950

#4 7.9 7.9 76 81 2460 1545

#5 6.3 6.2 62 61 2709 2300

Table 7. Comparison of results for plate #11 of test
series #1 and #2.

As may be inferred from the steep slopes of the amplitude response
curves and their logarithmic ordinate scales, the increase in vibrational
amplitude upon approaching resonant conditions, may be extremely rapid.
Particularly for plate #11 this increase often occurs as a sudden jump in

the amplitude. Keeping all mechanical conditions alike, the reproducibility
of this transition velocity, (the velocity at which this amplitude change
occurs) was investigated for plate #11, clamp position No. 5 and is reported
in Table 8. The results show that the velocity of transition, for equal
mechanical conditions is confined to a narrow range. The amplitudes of
motion, however, were quite unstable at the transition velocities.
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2. Effect of Ambient Pressure

Some measurements were also taken to determine the influence of
the ambient pressure in the test section on the vibration phenomenon.
The results (for plate #11 and clamp in position No. 4) are presented in
Figure 24 and do not show such influence. Admittedly the conditions
shown are those close to resonance. If that is not the case, however,
the unsteadiness of the vibration would necessitate statistical comparison
of the transducer signals.

Cavitation in the wake would conceivably alter the picture substantially.
Since, however, the operating pressures were kept sufficiently high to
avoid visible cavitation on the vibrating plates this effect was not
further investigated.

3. Influence of Tunnel Vibrations

All the frequency spectra of the straingage signal, indicative of
the motion of the 1/8"-test plates, contained a band of noise between the
frequencies of 10 cps and 100 cps. The noise level appeared to be influ-
enced primarily by the fluid speed in the test section, rather than by
test plate geometry or amount of restraint. The tunnel vibrations,
mentioned before, were therefore held responsible for the noise.

The frequency spectra for the 1/h"-test plate series did not show
the band of random frequencies which had been characteristic for the 1/811
plates. The vibration characteristics of the tunnel had not changed,
however.

Apparently this improvement is related to the change in the dis-
placement transducer. For the 1/8" plates straingages were mounted on
the thin leaf spring which restrained the test plates. The spring was at
either end in contact with the test section. These supports were 6-1/2"
apart. Host likely the random test section motion caused bending
vibrations of the leaf spring, resulting in the noticed noise.

The accelerometer used with the 1/h" plates on the other hand, is
mounted on an arm which considerably amplifies the rotary vibration of
the spindle compared to its transverse motion imparted by test section
vibration. For the second test series the reproducibility of results
therefore is not impaired by the water tunnel vibrations.

4. Summary

It thus appears that a satisfactory qualitative reproduction of the
experimental conditions can be obtained, but that the quantitative dupli-
cation of vibrational amplitude may be poor. This implies that it will
be possible only to indicate the order of magnitude of the forces exerted
on the plates and that furthermore such correlations as the maximum
vibrational amplitude as a function of elastic restraint, to be described
later, may not be conclusive.
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Velocity of Velocity of Frequency Amplitude

Transition Transition 2aO
for increasing for decreasing f pra
Velocity Velocity

fps fps cps ---

6.60 ---- 62 2080

6.65 ---- 66 460

---- 6.50 66 640

6.55 60 2090

5,60 ---- 60 446

5.65 ---- 60 1600

--- 5.50 60 A1

---- 5.45 60 1390

Table 8. Reproducibility of Transitional Velocity and
Vibrational Amplitude for Plate #11 clamp position No. 5.

Plate No. il- D Pivot at leading edge
Clamp in position #4 U = 7.0 fps

- 78 cps
0

Scps

0

78 cps
- - - ~ ~ E - - - ~ - - - - -908
?9cp 78 cps 77 cps

6.0

Pressure at 1st Elbow in p.s.i.g.

Figure 24. Influence of Ambient Pressure
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One reason for variation in the mean vibrational amplitude from one
test series to another may be found in the variation of viscous damping.
For the motion which establishes itself at resonant conditions the work
done per cycle by the periodic lift forces nearly equals the energy dissi-
pated in viscous damping. Small changes in the damping due to a thick
water repellent grease in the ball bearings around the spindles, might
therefore lead to substantial differences in the observed amplitudes of
vibration.

A second reason is found in the technique of test plate mounting
which does not eliminate the possibility of small initial angles of attack.
In view of the relatively small motions involved this circumstance might
well be reflected in the variation of resonant amplitudes.

A third source of deviations among experimental values is the
unsteadiness exhibited by the vibrations. Since the occurrence of
unsteadiness is of importance for the understanding of the vibration
phenomenon, the next section is devoted to its consideration.

E. Stability of Vibrational Amplitude and Frequency.

1. Comparison of Wave Analyzer and Volt meter Signals

The total strength of the transducer signal was measured with an
RNS-Volt meter. The reading included the effect of any harmonics present
other than the fundamental one. Also it did not indicate whether the
signal frequency was steady or unsteady. A comparison of the Volt meter
reading with the analysis simultaneously made by the wave analyzer, how-
ever, provided a means for a qualitative evaluation of the transducer
output.

Such a comparison for plates #11 through #16 with k = 1.61 x 103
lbs-in/radian and pivoted at the leading edge is shown in Figures 25
through 28. The dashed curves in these figures represent the ratio of
the wave analyzer reading to the Volt meter reading.

2. Stability__of Vibrational Amplitude

For all plates the strength of the predominant component at non-
resonant conditions was but a fraction of the total strength of the
transducer signal. When the resonant condition was apprcached the
strength of the predominant harmonic became a larger and larger portion
of the total transducer output. This feature is shown by the dashed
curves in Figures 25 through 28 which represent the average of the wave
analyzer readings in mV divided by the average of the Volt meter readings
in mV as a function of the free stream velocity ratio.

In many cases the strength of the predominant component was quite
unsteady. This is reflected by the distance between the two solid curves
in Figures 25 through 28, which represent the ratios, Z , of the maximum
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and minimum amplitude of the predominant vibrational component measured fram the
wave analyzer record, and the average Volt meter reading. This distance is
indicative of the fluctuations in vibrational amplitude and thereby of the
instability of the net circulation, rnet, at a given free stream velocity.

3. Stability of Vibrational Frequency

For all plates the frequency of the predominant component, fp, at non-
resonant conditions was quite unsteady. The frequency spectrum was broad and
no Lissajous figure could be obtained on the oscilloscope screen. Approaching
the resonant condition, fp became more and more steady even though the amplitude
of the signal could remain fluctuating appreciably. A more steady fp was
evidenced by a more peaked frequency spectrum as well as a stable (as far as
frequency is concerned) Lissajous figure.

A decrease of the ratio of wave analyzer to Volt-meter signal always
appeared to be associated with a decrease in the stability of fp. The distance
"etw +kn t h -e A hd "r -n -p 4-h ig v,- thr",gh 28 nd hei h-ri-L
K. V _ 1 VU.1 , %ACA.01A.14 %,L..L V -, _LU A.L 1 J.L UL.Lv X. .L .L % L '.. ' VJ I.L.L. %JI.A.S.L .U L.J . iL ..L '- UA . J

zontal tangents near U/Ur = 1.0 is therefore considered a measure of the insta-
bility of the frequency fp.

In the following discussions the Figures 25 through 28 will be referred to
as "stability (of vibration) graphs" since the plots are indicative of the stability
of fp as well as of Fnet.

4. Discussion of the Stability of Vibration Graphs

The only features which the stability graphs have in common is the occurrence
of> max near resonant conditions and the instability in the frequency when removed

from resonant conditions. Near resonance the vibration is apparently forced to
resemble most a harmonic vibration on account of the large inertia forces involved.

Table 9. Comparison of Stability Graphs
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Test Plates ## #15 #12

Maximum Amplitude 0.159 0.155 0.033 0.002

2ao

(9) max

Relative Max. Ampl. 0

in1000, 970,6 210,6 1.3,6

Lmax x 100 O/o 87 6 590/6 850% 4406

Instability in net
circulation in terms 6 0,6 8 O6 35 06 7106
of AZ:max X 100 0,6
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Off resonance the motion seems to lose control over the wake structure,
which most likely assumes an increasingly three dimensional and turbulent
character. The randomness of the latter is considered to be reflected in
the instability or random variation of the vibrational frequency.

In other respects the curves in Figures 25 through 28 are as different
from each other as their associated amplitude response curves are dissimilar.
The valuesZmax vary appreciably. A value of7max approaching unity would
indicate a purely harmonic vibration. Values less than unity point to the
presence of higher harmonics near resonance. It would be expected that
high values oflmax are associated with larger amplitudes of motion in
view of the larger elastic and inertia forces involved. Table 9 shows,
however, that this correlation does not exist. An explanation is not
immediately obvious.

Perhaps the most conclusive feature of the stability graphs is the
correlation, found in Table 9, between stability of net circulation and
large amplitudes of motion. During the tests it had already been noticed
that at resonance the amplitude of plate #15 varied rapidly and regularly,
whereas the frequency of vibration remained practically constant. It
looked as if the plate motion excited itself at one moment and lost control
over its wake at the next instant. In contrast to the easily excited
plates #11 and #16 for which the trailing edge between the separation
points extends somewhat into the wake, no such extension is present for
plate #15. Growing transverse motion will increase the local velocities
near the separation points resulting in increased instability of the
separating shear layers. Apparently the plate extension into the early
wake counteracts the growing instability of the free shear layers by
furnishing them with transverse support. This support tends to keep the
wake two dimensional whereas for plate #15 the building up of the motion
ends in a breakdown of the two dimensional wake structure. Such an inherent
instability of the vibrational amplitude is clearly shown by the stability
graph for plate #15.

For the plate #12 the stability graph points to a maximum of insta-
bility at resonant conditions. The reasoning given for plate #15 need not
necessarily apply for plate #12. There exists a difference of an order
of magnitude between the exhibited amplitudes of vibration for these two
plates. The relation to the argument of Heskestad and Olberts (63) about
a counter circulation of the fluid in the groove of the trailing edge,
is not obvious,

F. Maximum Vibrational Amplitudes.

1. Comparison of the Maximum Vibrational Amplitudes

All maximum (double) amplitudes, which obtained during resonant
conditions, are presented in Table 10, column 7, in terms of the plate
thickness t = 0.250".
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Immediately apparent are the great differences (up to a hundredfold)
between the listed amplitudes. The table clearly indicates that these
differences are mainly a function of the trailing edge geometry.

When the plates are grouped in order of increasing vibrational ampli-
tudes the same sequence obtains as was found for the 1/811 test plates
(compare Tables 3 and 9).

The resonant frequencies, fr, associated with the maximum amplitudes
closely matched the natural frequency, fn, of the test plate assembly in
all cases where the mounting permitted rotation around the leading edge

(see column 5 of Table 10).

2. Maximum Vibrational Amplitudes as a Function of Restraint

When the restraint of the test plates becomes very large, the
amplitude of vibration may be expected to approach zero. If no restraint

which would again produce a negligible maximum amplitude response.
Conceivably there exists an intermediate stiffness for which the amplitudes
become a maximum. To answer this question Figure 29 was prepared which
presents the resonant amplitudes (Table 10, column 7) as a function of
support stiffness (Table 10, column h) for each of the test plates.

Attention is drawn to the values in Table 10 denoted by asterisks,
associated with the "free" case for which no "resonant" velocity nor
frequency exists. In order to show the expected trend for stiffnesses
which approach zero a small restraint, k = 0.10 x 10-3 lb.in/rad, was
arbitrarily selected for the free case and a characteristic vibrational
amplitude for this case was chosen at a free stream velocity between the
resonant velocities for clamping positions 4 and 5. These characteristic
amplitudes were obtained from a test series on the unclamped plate.

Figure 29 indeed shows that for each of the plates there will be a
critical stiffness for which the amplitudes will be a maximum for a given
velocity.

It appears that there is little difference in amplitude between
plates #11, #15 and #16 when the stiffness approaches zero. For increasing
k, however, plates #11 and #16 are excited to amplitudes which are more
than fifteen times as large as those for plate #15.

The amplitudes for plate #12 for k approaching zero are about 1/10th
of those of plate #15. In particular considering the plate amplitudes for
k - 0 it appears as if the particular trailing edge shape involved reduces
the amplitude of motion below a more usual value. In this regard a
suggestion by Heskestad and Olberts (63) is recalled concerning the relative
slight vibration of a plate with a trailing edge geometry similar to
plate #12. The idea was expressed that the fluid in the groove between the
separation points always possessed a circulation which would be out of phase
with the net circulation. This suggestion cannot be checked presently but
it is not contradicted by the test results.
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3. Influence of the Location of the Axis of Plate Rotation

A shift in the location of the axis of rotation will have two
effects:

a. modification of the boundary layer,

b. modification of the magnitude of the forcing moment.

In particular the second effect may be expected to influence the maximum
amplitude of vibration. This has been investigated for the case where
the test plates were allowed to rotate around the 1/4-chord line.

When the axis of rotation does not coincide with the center of the

semi-cylindrical leading edge, the stagnatian point shifts continuously
when the test plate vibrates. This likely results in boundary layer waves
originating at the leading edge at a frequency equal to that of the plate
vibration. It is conceivable that this influences both the Strouhal
number and themagnitude of the forcing moment, Mv, associated with the
vortex formation at the trailing edge.

Table 10 shows that Strouhal numbers for the 1/4-chord cases are
somewhat larger than those for which rotation around the leading edge was
permitted.

The effect of boundary layer disturbances on Mv cannot be separated
from the consideration of the changes in the relative contributions to
the net moment of the lift forces, Lv, Lc, and Ln.c. (see Chapter IV) due
to the shift in the axis of rotation. In order to consider these changes

it is necessary to rewrite the Eq. [43] as follows:

I ai + (c - np b 3 U) & + [k + np HbP(1-1,5S)U2

1 XbG'HB agUa/S + X bGHB3 i24 t U9s] a.
-7 bGHB3  /3

u2 Xb B H(M)e t [6a]

or, restricting attention to one plate at a time and to the resonant
condition so that G~- constant and Sr!L- constant, this may be written as:

I'le. a + (c-n 1U)a + [k + n2U2 - n3XaUa + 3n3Xei2 3 tU ]a

= n X(M)e W - [h6b]
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Table 10. Vibration Characteristics of 1/14" plates at resonance.

Plate Clamp Ur fr f4 S S 2a
Pivot # fps cps n r ( )

1 2 3 4 5 6 7 8 9

#11 1 10.1 95.5 0.99 0.276 0.197 0.095 0.113
lead- 4 7,9 81 1.00 0.275 0.214 0.155 0.184
ing 5 6.2 61 1.02 0.274 0.205 0.230 0.273
edge 7 (4.5) (52) --- 0.270 (.037) (.o44)free 6,9* 84-* ---- 0,280 0.016 0.019

#11 1 10,1 101 0.04 0.278 0.200 0.120 0.113
1/4- 4 9.0 93 0.90 0.274 0.216 0.250 0.222
chord 5 7.5 76 0.98 0.278 0.211 0.441 0.390

7 5.5 56 1.10 0.268 0.212 0.403 0.356

#12 1 8.5 97 1.01 0.249 0.238 0.002 0.002
lead- 4 7.4 82 1.01 0.249 0.231 0.002 0.002
ing 5 --- -- --- -
edge 7 --- --

free 7.0*- 82* ------------- -0.001 0.001

#12 1 9.2 107 0.89 0.257 0.243 0.002 0.001
1/4- 4 8.3 100 0.97 0.256 0.250 0.004 0.004
chord 5 8.4 96 1.23 0.260 0.238 0.004 0.004

7 7.4 87 1.71 0.260 0.245 0.004 0.004

#15 1 9.1 95.5 0.99 0.244 0.227 0.024 0.028
lead- 4 7.8 83 1.02 0.250 0.222 0.033 0.039
ing 5 6.o 64 1.07 0.246 0.222 0.049 0.058
edge 7 - -

free 7.3%* 79* --- 0,236 0.032 0.038

#15 1 9.3 103 0.85 0.274 0.231 0.014 0.012
1/4- 4 8.9 95 0.92 0.273 0.223 0.028 0.025
chord 5 7.8 85 1.09 0.280 0.227 0.040 0.035

7 -- - ----

#16 1 16.8 96.5 1.00 0.141 0.120 0.118 0.140
lead- 4 14.3 81 1.00 0.141 o.118 0.159 0.189
ing 5 11.0 61.5 1.02 0.134 0.117 0.294 0.350
edge 7 7.9 43 1.05 0.135 0.114 0.362 0.430

free 12.5*6 170* --- 0 .142 0.017 0.020

#16 1 16.0 98 0.81 0.128 0.104 0.093
1/4- 4 ---
chord 5 14.5 80 1.02 --- 0.15 0.360 0.321

7 9.6 56 1.12 0 .121 0.366 0.326

a value of free series for which Ur5-TJ<Ur4.
for determination of fn values see Appendix C.
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in which ni = constant, valid for rotation around the leading edge. The
comparable equations for a plate pivoted around the 1/-chord are:

-+ ( nc. rpHb3U) a + bk X HGB aU/S'1/4 ') + +3k--~X

+ X bHGB3e i2 t U2 /S]l = XbBlH;(M)e [h7a]
1H(3e S

and:

I la + (c- nU) + [k - n 3 1 aU + 3n 1 e i2 W t UIia

= n X (M)e t U2  [47b]

in which X= X - 1; M = a + Ga A - Ga 3A ; At e

The maximum amplitudes of vibration, (At), depend mainly on the damping
leading to the approximate expressions:

leading edge: (c - nUa = n MU2 /At [48a]

l/4-chord: (c - 2n U)W =n m/A [48b]

However, substitution of experimental values in order to verify
Eqs. [48] and to determine al, led to inconsistent results and apparently
shows that the simplification given by Eqs. [48] is impermissible for the
non-linear equations [46] and [47]. Also, as in the linear case, the maximum
amplitude depends critically on the damping when this is small. In the
present case the exact value of the damping is unknown.

From Eqs. [46] and [47] also an approximate expression may be deduced
for the resonant frequency fr:

(fr) le. 1 k + n2U2 - n Xa2U2) /Il.ej/ [49a]
l.e. 2n 2 3 1e

(fr) 1/(k - n3(X 1) U) / ] 1/2 {49b]

Recalling that: fn +/2 and using from Table 10 the result that

Sr frot'/Ur e constant for each plate, there follows for the ratios fr/fn
for a particular trailing edge:
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(f /f )2 = 1 + (n I - n'Xc ) /I [50a]n r 1.e. 2 3 1. e. 1.e.

(f /f )21 1 _ 7 n'(X - 1)a2 1/I [50b]n r T4 3 2 7 le.

Since a2 is found to increase when k and Ur decrease and assuming that
X N constant, it may be expected from Eq. [50] that fr/fn will increase
when Ur decreases. With the exception of plate #15, column 8 of Table 10
shows that a2 1e,< c' 2 so that, according to Eq. [50], (fr n 1 should

increase with decreasing Ur at a faster rate than (fr/fn)

These expected trends are indeed borne out by the values for fr/fn
in column 5 of Table 10, and confirm the formulated non-linearity in the
equations of motion.

h. Self-excitation of the Plate Vibration

The amplitude response curves for plate #16 have been compared
qualitatively (see Figure 21) with the theoretical response curve for a
single degree of freedom spring mass system with a damping of c/cc = 0.05
(i.e., approximatley the viscous damping for the test plate - torsion spring
system). This is the model to which the common explanation of vortex
induced vibrations refers.

That theoretical response curve, given by a dashed line, would obtain
if the exciting force were constant. In order to produce a theoretical
response curve having the shape of the experimental curves it would be
necessary for the forcing force to increase markedly near resonance.

At the same time the proximity of the natural frequency of the system
will have resulted in increased amplitudes of motion. It appears that,
depending on trailing edge geometry, increased lift forces are associated
with a growth in vibrational amplitude or in other words: the motion may
excite itself,,

The element of self-excitation seems particularly clear in the ampli-
tude response curves for plates #11 and #16 (Figures 18, 21 and 23). Also
the step in the Strouhal graphs (Figures 12, 13 and 16) show that the wake
structure is governed by the plate motion rather than the wake dynamics
prevailing when the object is steady. The latter condition would have been
reflected in a constancy of the Strouhal Number.

G. Reduced Amplitude Response Curves,

1. Amplitude Response Curves as Function of Velocity

The amplitude response curves as given in Figures 18 through 21, and
23 are presented in a fashion which is significant from a practical point
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of view as well as informative of the hydroelastic elements involved in the
vibration.

In particular for plate #16 it was seen that, when ) = U n, severe

vibration occurred over a very wide range of velocities. It appears that
the frequency of vortex shedding may attach itself to the motion of the
plates to a degree which depends on the trailing edge geometry. This fact
is of obvious importance in the design for vibration control. It also
indicates that the simple linear relation between the frequency of the
forcing moment and the free stream velocity, U, expressed by the constancy
of the Strouhal number, S, is not valid for larger motions.

Even if S remained constant the forcing function vvuld, according
to Eq. [22], depend on U20 This further complicates the shape of the

amplitude response curves.

2. Reduction of the Amplitude Response Curves

If the influence of the plate motion on the wake structure, expressed
by Eq. [43], is indeed an important one it should be possible to show
some similarity in the observed amplitude response curves for the various
plates tested.

To this end the effect of deviations from the Strouhal relation
(which are strongly dependent on trailing edge geometry) as well as the
increase in the forcing moment (proportional to U2 according to Eq. [22]
were eliminated. After division of the amplitude values by a factor
proportional to U2/S, the amplitudes thus reduced were replotted as a

function of frequency of plate vibration rather than velocity.

The reduced amplitude response curves are presented in Figures 30
through 33. It is seen that the mutually quite dissimilar amplitude
curves given in Figures 18 through 21 and 23 can be reduced to a set of
curves of similar shape.

3. Similarity of the Reduced Amplitude Response Curves

The similarity between the reduced amplitude curves resembles well

the typical deviation from the response curve of a linear system indicated
in Figure 10d. This can be taken as a confirmation that for the present
vibrations the equation of motion will resemble the formulated relation,
Eq. [431.

This does not mean that Eq. [43] is complete. A number of factors,
such as the Reynolds number and the boundary layer thickness at the

trailing edge, 6t, were not accounted for in the formulation. However,
the resonant velocity for plate #16 (Ur = 14.3 fps) happened to be almost
twice the Ur(Ur = 7.6 fps) which obtained for other plates with the same

restraint (Clamp #4). This provides a relatively small change inPC ,
and since 6tU~ (the boundary layer transition is estimated to occur at
the trailing edge for Ur > 30 fps) a still smaller variation in 6t thus
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no general conclusions can be drawn however it appears that these factors
do not constitute a primary variable of the problem.

It may not be concluded, however, that boundary layer considerations
would be of little importance. The contrary has been implied by the
formulation in Table 1 which links vortex shedding to a "pulsating dis-
charge of the boundary layer' into the wake. Fortunately it appears that
unsteady boundary layer calculations are not essential to obtain a
unified presentation of experimental results.

Also the reduced amplitude response curve for plate #12 which was
pivoted at the 1/h-chord point shows that the non-linearity indicated by
the response curves is not primarily due to the circulatory lift force of
potential origin, since the center of pressure of this lift force is at
the 1/h-chord.

This does leave the possibility that the apparent mass force is a
function of vibrational amplitude due to (assumed) oscillations in the
boundary layer flow.
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VI. CONCLUSIONS AND RECOMNENDATIONS

A. Summary and Conclusions

The vibrational behavior of thin plates has been studied at zero mean
angle of attack in water, The effects on this behavior of trailing edge
geometry, geometric and elastic properties of the plate support, free
stream velocity and ambient pressure intensity have been explored experi-
mentally.

The usual model advanced in explanation of vortex induced vibrations
involves the acceptance of a unique relationship between free stream
velocity and vibrational frequency and reference to von Karman's analysis
of the vortex street. .It has been shown that this is a simplification
which fails to direct attention toward basic facets of the problem.

An equation of motion has been written for the test plate - torsion

provides theoretical justification for many of the experimental results
obtained.

The following conclusions may be drawn from these investigations:

1. The vibration phenomenon studied is associated with the
periodic formation of vortices at the trailing edge of the plates.

2. Although the frequency of severe vortex induced vibrations is
confined to a narrow range of frequencies near a natural frequency of the
structural system, resonant amplitudes may persist over a wide range of
free stream velocities,

3. Severe vortex induced vibrations are self-excited rather than
forced vibrations,

4. These vortex induced vibrations are to be regarded as a
hydroelastic phenomenon,

5. Severe vortex induced vibrations of blade shaped structural
elements at small angles of attack are primarily a function of trailing
edge geometry,

6. A theoretical understanding of vortex induced vibrations
should be based upon the mechanics of vortex growth and discharge at the
trailing edge, i.e., the dynamics of the "early" wake, rather than on the
consideration of a periodic wake such as a vortex street*

7. An explanation for the large and seemingly inconsistent
variation in the amplitude of plate vibration with change in trailing edge
geometry is to be based upon the following factorst
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a, differences in the degree to which the separating shear
layers annihilate each other;

b. differences in the degree to which two-dimensionality
of the "early wake" is enhanced by transverse motions of the
trailing edge.

8. The formulated equation of motion for the mechanical system
employed is non-linear and indicates possible instabilities of the solution. i
These deduced behaviors are verified by analysis of the experimental data.

9. The frequency of vortex formation during small test plate
motions (i.e., "off-resonance") is unstable and hovers around a mean value
indicated by the Strouhal number.

10. Vibrations in a higher mode of the structural system may be
more critical than those in the fundamental mode excited at a lower
velocity.

11. In the absence of visible cavitation the ambient pressure
level has no apparent effect on vortex induced vibrations.

B. Recommendations for Practical Applications

1. In the design for vibration control the trailing edges of blade
shaped objects should be well streamlined and faired out to a -negligible
thickness. In this case (at least at small angles of attack) the separating
shear layers annihilate each other rather than give rise to a periodic
formation of discrete vortices. The necessary minimum thickness may
depend on the local boundary layer thickness.

2. In case well faired trailing edges are undesirable for structural
reasons it is recommended that a groove be provided for in the trailing
edge of blade shaped objects. This geometry exerts, during transverse
plate motions, the least stabilizing influence on the inherently unstable
free shear layers; two-dimensional wake conditions and hence a large net
lift force are therefore less readily attained than with other non-
streamlined trailing edge geometries.

C. Recommendations for Future Experiments

1. In some instances tie reproducibility of test results as far as
the amplitude of resonant vibration is concerned, was poor. This is
attributed in part to variations in the mechanical damping present in the
system. It is recommended that future experiments, aimed at a quantitative
evaluation of the forces acting on vibrating plates, should provide for
accurately predetermined values of the damping coefficient.

2. In order to investigate the presumed two- and three-dimensionality
of the wake structure as a function of trailing edge geometry and vibrational
amplitude, it is recommended that a correlation study be made at two points
along the trailing edge, of the magnitude and phase of the velocity
fluctuations just downstream of the early wake.
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APPENDIX A

Hydraulic Characteristics of the Water Tunnel

1. Calibration of the Contraction as a Velocity Meter

The pressure differential between the upstream and downstream end
of the water tunnel contraction which exists under operating conditions,
has been utilized for the continuous measurement of the mean velocity of
flow in the test section. For this purpose the leads of two piezometer
rings around both ends of the contraction have been connected through a
manifold to manometers mounted on an instrument panel near the tunnel.
In order to insure sufficient accuracy for the wide range of pressure
differentials to be measured both a "water-mercury" and a "water-blue fluid"
manometer were employed. The "blue fluid" is a blue colored Meriam No.
D-6325 indicating fluid which has a specific gravity of 1.75.

A -xrl -imetri onlly xr lir.Ited 12" x 10" VPn +Ari m.ter, 1 cated in the

header loop upstream of the tunnel, was selected as the standard of com-
parison for the calibration of the water tunnel contraction. In addition
a previously calibrated Prandtl tube was inserted through the test section

wall so that its tip was 6 inches downstream of the test section entrance.

Simultaneous manometer readings allow calibration of the venturi meter and
contraction in terms of the free-stream test section velocity as indicated

by the Prandtl tube. This calibration is presented in Fig. A-1.

Figure A-1 also shows a curve for the contraction found from a
computation based on the venturi meter discharge, the accurately known
geometric dimensions of that tunnel component and an assumption of uniform
velocity distribution. The extent of the disagreement between these
computed and experimental values is an indication of the importance of

viscous velocity profile modification in the test section.

In order to check variation of this viscous effect with Reynolds
number, Figure A-2 has been prepared. No systematic trend is obvious in

this plot, which furthermore is seen to yield for the contraction
calibration the relationship:

UO = 1.018 2gAh [A-l]

in which Ah is the deflection of the contraction manometer in feet of water

and Uo is the average velocity in the test section.

The boundary layer displacement thickness in the test section at the

location where the test plates are mounted is estimated to be 0.03" for

Uo = 10 fps. By taking this effect into account the coefficient in
Equation [A-1] becomes C = 1.019. In view of the experimental scatter in
Figure 6 no such change of the coefficient seems warranted. Presuming

uniformity of the flow, UO in Equation [A-1] can thus be assumed to represent
the maximum or free stream velocity in the test section at the location of
the test plate mounting.
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2. Uniformity of Test Section Flow

Uniformity of the test section flow, which is a function of both the
employed damping screens and the contraction design is a water tunnel
characteristic of obvious importance. To investigate the tunnel performance
in this respect the local mean velocities in a horizontal section of the
test section have been carefully measured. To this end a pitot static
tube with small tip dimensions and a traversing mechanism were constructed.
The stem of the tube slides in a groove in the leading edge of a streamlined
strut which spans the test section horizontally. The strut may be inserted
through packing glands at any of the 9 pair of wall ports provided in the
test section.

Velocity profiles in the mid-horizontal plane at each of two test
section locations for average velocities of 3, 7, 18, 26 and 35 ft. per
sec. are presented in Figures A-3 and A-4. The plots show, over a wide
range of velocities, excellent uniformity of flow outside the boundary
layer as well as the increase in boundary layer thickness in the downstream
direction. The pitot static tube was subsequently calibrated against the
contraction manometer from which was obtained

u = 1.00 2g&h [A-2]

in which Ah is measured in ft. of water column and u is the local mean
velocity in ft. per sec. at the location of the tip.

3. Ambient Pressures in the Water Tunnel

The operating pressure in the tunnel depends on the amount of flow
and the opening of the foot valve at the downstream end of the structure.
Operating pressures were measured by means of a pressure gage connected
to the first elbow (see Figure 2). At that location an indication is
obtained of excessive pressures which could damage the tunnel. This
"elbow pressure" is one of the variables appearing in Figure A-5 in which
the solid lines present the relation between pressure, foot valve opening
and test section velocity based on a large number of systematic measurements.
The graph depicts the range of tunnel operating characteristics: elbow
pressures above 18 psig are unsafe structurally. For pressures below
-4 psig the flow approaches zero whereas the maximum velocity in the (empty)
test section is limited to 50 fps by the onset of cavitation in the
diffuser.

Cavitation may occur on objects in the test section at free stream
velocities well below 50 fps. For example, cavitation started on the
pitot static tube at a cavitation index, cr, of about 2. The cavitation
index is given by:

Po - Pv
CF =[A- 3]

-p U 2
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in which po = ambient pressure intensity in the test section in psia.

PV = vapor pressure of water at 700F in psia.

Uo = mean test section velocity in fps.

The test section pressure, pts, was measured directly by means of a
pressure gage.

As an approximate practical limit of operation the curve (J= 2,
is shown with a dashed line in Figure 9, and indicates a practical maximum
velocity of from 35 to ho fps.

Besides causing cavitation, test section pressures may release
dissolved air and overstress the seals around the test plate spindles.
This could alter the vibrational behavior of the test plates. Therefore
the usual operating conditions were selected such that the ambient pressure
in the test section, pts, was never far removed from pts = 0 psig. This has
been shown also in Figure 9 where the dotted line presents the pts =
0 psig condition and the plotted data points are those of a typical test
series for 1/4."-thick test plates.

It should be remembered that the behavior indicated in Fig. A-5 is
dependent upon the losses in the screens which lie between the riser
elbow and the test section. These tests were done with clean screens,

4. Water Tunnel Vibrations

For small openings of the foot valve noticeable vibrations occur in
the water tunnel structure, with predominant frequencies varying between
60 and 80 cps. The vibrations appear forced by the flow conditions near
the foot valve but the actual mechanism is not yet clear. Anchoring of the
lower portion of the tailrace to the reservoir walls by means of bracing
beams proved only moderately effective in preventing the vibration.
Subsequent use of a sensitive accelerometer proved that the floor slab
has a natural frequency of about 60 cps.

Besides the effect of possible pressure pulses in the flow on the
output of a turbulence pressure gage, the vibration will impart some
transverse motion to the test section. The spindles around which the
test plates pivoted were in direct contact with the test section. The
center of mass of the test plate assembly, however, was not located in
the axis of rotation. Therefore rotational motion of the test plates
induced by tunnel vibration is a possibility. The likelihood of this
effect is discussed in Section V.
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APPENDIX C

Natural Frequency and Apparent Mass Determination

1. 1/8" Thick Test Plates

Apparent mass forces cannot be distinguished fram the hydrodynamic
forces acting on the vibrating plates; yet an accurate knowledge of their
magnitude is useful in a formulation of a mechanism for the test plate
vibrations.

For an infinitely long flat plate of chord 2b, translating in the
direction of its normal, the apparent mass per unit length is (see Ref. 69):

1= rpb" [C-1]

Substitution of equation [C-1] into the expression for the mass moment of
inertia of a flat plate which pivots arun the ledn edge gives:

If = m'0 02 + M1, . (b) 2  [C-2]
3

where It., = polar apparent mass moment of inertia per unit length of plate.

For a plate of length 1 an empirical coefficient, C', has to be introduced
to account for the effect of the finite aspect ratio. Eq. [C-2] then
becomes:

I0 0 C'm'o bR [C-3]
3

Using equations [C-1] and [C-2] the apparent mass for a 1/8" test
plate plus the immersed parts of the spindles not possessing axial
symmetry was estimoated at It = C' x 37.9 x l04 lbs-in-sec2 .

The constant C' has been determined from a set of natural frequency
determinations, obtained by deflecting the test plate and recording the
ensuing vibration. As indicated in Table C-1 these determinations were
made for different free lengths of the restraining leaf spring, for two
moments of inertia and for the test plate suspended first in air and then
in water.

For the test plate - leaf spring system the natural frequency is
approximated by 1/2

(On = (-f) 12[C-4]

where: Wn = natural circular frequency in radians per second;

k = stiffness of the leaf spring in lbs-in/rad;
2I = total Mass moment of inertia in lbs-in-sec
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The stiffness k is a function of the free length of the leaf spring.
The inertia I is composed of.

Ip = moment of inertia of 1/8" test plate

is = moment of inertia of both spindles

Im = moment of inertia of additional mass employed to alter the
total I

I' = apparent mass moment of inertia.

The columns 5 through 8 in Table C-1 contain ratios of the measured values
of W) n. From these ratios the spring stiffness, k, has been eliminated
so that they represent also the square roots of moment of inertia ratios.
For the ratios of each column the square of the average value was determined.
These numbers then represent the ratios of the moments of inertia associated
with the conditions of column 1 through h. For example: 2.25 =

column 12 _ + Ip + I
column2 I + I

Sp 5

Thus Equation [C-4] and Table C-1 determine the following relations:

+ I + I = 2.25 (I + IS)

I +I + I = 4.96 (I + I )

Im + I + I + I = 1.24 (It + I + IS) [c-5]

I + I + I + I = 2.73 (I + I + I ).m p s p s

Ip, Is and Im can be estimated from geometric dimensions. The
computed values for Is + Ip = 8.65 x lo-4.lbs-in-sec2, substituting this
into the first of the above relations gives: Im = 1.25 x 8.65 = 10.8 x
10~4 lbs-in-sec , which agrees well with the computed value Im = 11.4 x
10-4 lbs-in-sec2. Substitution of the three known values Ip, Is and Im
into eq. [c-5] yields:

I' = 3.96 x 1.65 = 34.2 x io-4 lbs-in-sec2 ,

I = 4.16 x 8.72 = 36.2 x 10-4 lbs-in-sec2

I = L73 x 19.45 = 33.8 x 1 0-4 lbs-in-se?.

Average value V2 = 34.7 x 10-4 lbs-in-sec 2 . It thus follows that
C' = 34.7/37.9 = 0.91.

2. 1/4" Thick Test Plates Pivoted at the Leading Edge

From the natural frequency and the stiffness determinations made for
the spindle, acting as a torsion spring, the apparent mass moment for a

-100-



l/4" thick test plate is readily computed. Using the spring character-
istics collected in Table C-2 the moments of inertia are determined from
eq. [C-h] and presented in column 4 and 5 of the Table. By subtracting the
values in column 4 from those in column 5, the apparent mass moment is
obtained.

The computed total mass moment of inertia for the spindles, test
plate and accelerometer is Itotal = 26.0 x 10-4 lbs-in-secJ, which is in
good agreement with the measured average value in column 5. The computed
apparent mass moment is, from Eq. {C-2]:

I' = C' x 34.9 x 10-4 lbs-in-sec2

where, as in the case of the 1/8" plates, C' is an experimental factor to
account for the influence of the finite aspect ratio. From the three last

values in column 6, Table C-2, it follows that C*' 1.0. This high value
is due to the end plates (not present on the 1/8" plates) which prevent
nrnurrennR of the "ond-effentsft asporiated with the finite aspect ratio.

By means of a lever and a set of weights rotational moments of
known magnitudes were applied to the spindle at the location of the
accelerometer. Simultaneously the deflection of an arm clamped to the
spindlb just below the lever was measured. The stiffnesses k in Table C-2
determined from these measurements are acceptable as long as the torsional
stiffness of the spindle and plate portion between lever and the actual

test plate is much larger than the stiffness of the spindle between lever
and clamp. When this condition is not fulfilled, the measured k-value is
too large. This is reflected in the obvious discrepancies in column 5,
Table C-2.

If I = 61.9 x 10- lbs-in-sec2 is adopted as the moment of inertia
including the apparent mass effect, and this inertia is considered

located at the joint of spindle and test plate, the effective k-value for

the spindle clamped at ff1 and #4 is found to be:

k - 61.9 x 5.75 x 103 = 2.24 x 103 lb.in/rad
1 19.7

k = 619 x 2.34 x 103 = 1.61 x l03 lb.in/rad.
4 90.0

3. 1/h" Thick Test Plates Pivoted at 1/h-Chord

For cases in which the plate pivoted around the 1/4-chord (i.e.,
1/2" downstream of the trailing edge) the natural frequencies are higher
than those reported above. For pivoting around the leading edge:

I = - m'b2 + M' (b)2 = _d mba; around the 1/h-chord:
p 3 3

IP = - mb1 + m'(-b)2 = 7f mb 2
p 3 2 12
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The reduction in mass moment of inertia therefore is:

( - )7 / = 9/16

so that in that case:

Itotal + V = 9/16 (15.9 + 34.8) + 0.7 + 1.8 + 7.6 = 38.3 lbs-in-seC2

from which may be obtained:

Clamp #1

Clamp #4
Clamp #5
Clamp #7

- fn = 121 cps

- f = 103 cps

- fn = 78 cps

- In = 51 cps.

Table C-1. Determination of Moment of Inertia Ratios
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1/8" test plate Frequencies in cps Ratios of the values

Media Air Air Water Water in column 1 through 4

Additional mass No Yes No Yes 1:2 1:3 3:4 2:4

Columns
Spring Support -olumns

Position No. 1 2 3 4 5 6 7 8

#1 62.0 40.5 28.0 25.5 1.53 2.22 1.10 1.59

#3 57.5 38.0 25.5 23.0 1.51 2.26 1.11 1.65

#5 51.0 34.0 24.0 20.5 1.50 2.14 1.17 1.66

#7 45.0 31.0 20.5 18.5 1.46 2.25 1.11 1.68

Average 1.50 2.22 1.12 1.65

(Average)2 2.25 4.96 1.24 2.73



Natural Spring Moment of Inertia Apparent
Test Plate #11 Frequencies Constant in Mass Moment

in cps k in io3 of Inertia
lbs-in 10~ lbs-in-sec2  in 10-4 x
radian lbs-in-sec2

Medium Air Water Air Water

Clamp at Columns
Spindle
Position No. 1 2 3 4 5 6

#1 - 96 5.75 - 159.0 -

#4 135 82 2.34 28.0 90.0 64.0

#5 95 64 0.93 26.0 65.3 39.3

#7 60 42 0.39 27.4 58.5 31.1

#8 52 35 0.30 28.0 62.0 34.0

Average of 27.1 61.9 34.8
#5-#7-#8f

Corrected
values for:

#1 - 96 2.24 - 61.9

#4- 82 1.61 - 61.9 3h.8

Computed

values: 'total = 'plate + Ihub + Ispindle +Iaccelerometer

(15.9 + 0.7 + 1.8 + 7.6) x 1 0-4 lbs-in-sec2

= 26.0 x 1 0 h- lbs-in-sec 2

It = C' x 34.9 x 1o-4 lbs-in-sec2

. . C' = 34.8/3h.9 = 1.0

Table C-2. Determination of Apparent Mass Moment of Inertia
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APPENDIX D

Conversion Factor Transducer Output - Amplitude of Vibration

From the calibration curve for the accelerometer, given in Figure B-2,
follows:

111 mV - RNS ; 32.17 x 12 in/sec 2 = 386 in/sec2

1000 mV = 3.5 x l03 in/sec2  [D-1]

For a harmonic motion given by:

a = ao sin W t

where a0 = single amplitude expressed in inches, the RNS-value is:

= sin 2 W t =W 2 = 28 a fD-2]
sec

From Eqs. [D-1] and [D-2] follows that the relation between an RMS-voltmeter
reading of x mV and the double amplitude of motion, 2ao, at the location
of the accelerometer is:

2a 3.5 x mV = 0.25 x/f 2 mV [D-3]

Referring this to the plate thickness, t = 0.25", there is obtained:

2a

2 f2J-nV [D-h]

This dimensionless amplitude 2ao/tj, which was readily obtained by dividing
the Voltmeter reading (in mV) over the square of the predominant frequency
component (in cps), has been employed in the preparation of the Amplitude
Response Curves (Figures 18 through 21 and 23).

The accelerometer and the trailing edge of the test plate are
located at 27/16 inch respectively 2 inch from the axis of rotation.
The double amplitude of vibration at the trailing edge, 2aot, in terms
of the plate thickness t' is therefore:

2a 2a2ot -32 x f% 2
=t 27 0f - 1. 2 (-7-) [D-51

It is to be noted, however, that the amplitude response curves are not too
exact quantitatively. The Voltmeter signal employed in their preparation
incorporates the effect of higher harmonics. For the mainly qualitative
discussion of the amplitude response curves an attempt to eliminate these
effects was considered unwarranted.
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APPENDIX E

Comparison of ome Voltmeter Readings and Micrometer Measurements

For checking purposes some direct measurements were made of the ampli-
tude of vibration of the accelerometer. The amplitudes at resonant conditions
for the plate ff11, rotating around the leading edge, were estimated by means
of a micrometer:

U Clamp Voltmeter Frequency Micrometer
fps No. RMS-mV f in cps inch

im 2 3 4 5

8.5 4 1.020 82 .040

11,2 5 1.100 62 .070

13O.j 1 1000 68 .065

Table E-1. Micrometer Measurements

Using equation D-2 there follows:

1/4 x Voltmeter (Frequency)' 2ao in inch 2ao x 100 0/6
1/ x RMS-mV f in cps2 RMS-mv/f 2 Micrometer

1 2 3 4

0.255 673 0,038 9506
0.275 385 0.072 1030/6

0.250 h63 0.054 830/

Table E-2. Comparison of Micrometer and Voltmeter
Measurements.

In view of the difficulties in measuring the vibrational amplitude by
means of a icrometer, the agreement is quite satisfactory.
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