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MATHEMATICAL MODELS OF THE MASSACHUSETTS BAY

ABSTRACT - PART I

FINITE ELEMENT MODELING OF TWO-DIMENSIONAL

HYDRODYNAMIC CIRCULATION IN SHALLOW WATER MASSES

BY

JEROME J. CONNOR
and

JOHN D. WANG

The vertically integrated conservation of mass and momentum
equations for shallow water bodies are reviewed. The equations used
in this study are based on only two assumptions: hydrostatic pressure
and squares of surface elevation gradients negligible with respect to
unity. The finite element method is applied to reduce the governing
equations to a system of ordinary non-linear differential equations in
time for which two different numerical integration schemes are described.
Model results are compared with analytical solutions. Also, numerical
predictions of the tidal response for Massachusetts Bay are presented.
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area

-tidal amplitude

sum of surface and bottom stress terms in x-direction

sum of surface and bottom stress terms in y-direction

sum of surface, bottom, coriolis and nonlinear force
measures in x-direction

sum of surface, bottom, coriolis and nonlinear force
measures in y-direction

superscript signifying bottom

bottom friction factor

wave velocity = vﬁﬁ?

truncation error

mass source per unit volume

superscript signifying eddy viscosity term
superscript signifying element

coriolis parameter = 2Q sin ¢

function

pressure force resultant

internal stress resultants



g gravitational acceleration
g function
H total depth = hn
h mean low water (chart) depth
i - subscript signifying node i
kpoky . : .
k. .k integration variables

3’74
L channel length
M "mass" matrix
ny,0,,0, modes of element n
n normal (outward) coordinate
P force matrix

P pressure
Q : velocity component matrix

9 mass flux in x-direction

qy mass flux in y-direction

a1 distributed mass inflow per unit area
R residual

S boundary

Sf flux boundary

So ocean boundary

s tangential coordinate

s supercript signifying surface

T tidal period
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T supercript signifying transpose of matrix

t time

u x-velocity

v y-velocity

w z-velocity

X,¥,2 orthogonal coordinates forming a right-handed system.

z vertical upwards, x towards east

o direction cosine

At time increment

A ’Aqx’ weighting functions

Aqy, AQ

) , grid dimension measure

5p incremental density

€ L,E ddv vi -

XX yy eddy viscosities

Xy

eh convergence tolerance for heights
EQ convergence tolerance for velocities
z function

n surface elevation above MLW

@h relaxation factor for heights

OQ relaxation factor for velocities
o] density

po average density

T stress

¢ expansion function

¢ latitude



phase velocity of earth's rotation
phase velocity of tidal excitation
(comma) subscript signifying partial differentiation

(punctuation) superscript signifying time derivative



CHAPTER 1
INTRODUCTION

Mathematical modelling of circulation and dispersion in water
bodies has developed rapidly during the past decade. The major impetus
has been the concern for the environment which has necessitated more
detailed studies of water quality and especially the development of
transient predictive models.

This study is restricted to the development and evaluation of
finite element models for predicting-the transient response of water
bodies due to tidal and wind excitation. Three dimensional solutions
are most desirable but the uncertainly of boundary conditions and in
the magnitudes of the eddy viscosities and turbulent diffusion
coefficients does not justify the effort at this time. Therefore, this
study is further restricted to vertically well-mixed two dimensional
flow. Irregularity of the boundary geometry and depth are allowed for
but the velocities are assumed to be approximately uniform over the
depth.

There are a number of recent reports [1-7] describing finite
difference models for circulation and dispersion in well-mixed estuaries
and coastal waters. The proposed models by Leendertse et al.[3] and
Abbot et al [7] appear to be well documented and have extensive
supporting software for data generation and plotting.

Finite difference models employ rectangular grids and one has
to resort to approximating an irregular boundary with orthogonal
segments. This requires a small mesh spacing throughout the domain.

Approximate techniques for expanding the mesh in the interior have
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been employed but they can introduce additional numerical difficulties.
The finite element method was first applied to fluid flow by
Martin [8] who treated two-dimensional steady potential flow. It
has since been extended to Navier-Stokes flow [9], lake circulation
[10,11], and.long wave propagation (12). The method has proven to be
particularly convenient for problems involving irregular boundaries
since the mesh can be chosen to "fit" the boundary. However,
relatively little experience with finite element transient solutions
of hyperbolic equations has been accumulated in contrast to finite
difference models where stability has been studied extensively [15,16].
In what follows, a consistent derivation of the vertically
averaged equations for long wave propagation is presented. The
formulation is sufficiently different from existing formulations
(Pritchard, Ref. 2) to warrent its inclusion here. Next, the method
of weighted residuals [14] is applied to generate a ''quasi" variational
statement which is the basis for the finite element discretization.
Three numerical integration schemes are evaluated for one énd two-
dimensional test problems discretized with first order triangular
elements. The scheme is also applied to Massachusetts Bay, a fairly
complex coastal area, and a solution-strategy for "adjusting" the

bottom friction is discussed.
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CHAPTER 2
BASIC HYDRODYNAMIC EQUATIONS

The 3-dimensional forms of the ensemble averaged continuity and

momentum equations constitute the basis for the present formulation.

They are

Q + =
T ("“),x + (ov),y + (ow),z e

(ou) ¢ + (ou?)  + (puv) o + (puw) ,

-+

= - + +
pfv p,x Txx,x Tyx,y sz,z (¢D)

2
(ov) o + (puv) o + (pv7) o + (pvw) ,

= - - + + +
Pfu - Py Txy.x Tyy,y Tzy,z

where u, v, w are the averaged velocities, e is a source of mass inflow
per unit volume, T are the sums of viscous and Reynolds stresses, P

is mass density and f is the Coriolis parameter. By definition, the
stress components are symmetrical with respect to the subscripts, i.e.,
Txy = Tyx’ etc.

A set of 2-dimensional equations is obtained by integrating (1)
over the total depth and applying Leibnitz's rule. The notation and the
applied surface forces are shown in Figure 1. We assume the surface
slope is small and neglect (n’x)z, (n,y)2 with respect t; unity. With

this approximation, the surface force-interior stress relations for the

upper surface reduce to
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y (north)

z (vertical)

2 dA =dxdy

Figure 1. Geometrical and surface force notation.
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s s
. + = |- -pt+T - +
x TP ' n,x( PH T "Ny Ty sz|z=n
©2+n pP=|-n_T _-n _(-p+T )1 (2)
y 4 l X Xy sy Yy ZY'Z=n
s s s

- -+ + = - -+ - -

P n,x Tx n,y Ty P Tzz n,x sz n,y Tyz|z=n

where T° are the applied tangential wind stresses and ps is the external
pressure. A similar set applies for the bottom surface.
Leibnitz's rule defines partial differentiation of an integral

having variable limits. 1Its form for x differentiation is

g g
2 | 2 LY o8, %8
- fdz = = dz + £ - f N (3)
ox ox g9 ox g1 ox
&1 &
Using the general form of (3) and applying the kinematic relation
S 14 3L lq
V" D T U TV 5y (4)
at £ = n and £ = -h, assuming the density is constant over depth results

in the following "integrated" equations:

3 3 3 -

EE(OH) + ax Ix + dy qy -9
n n

] ) 2 )

3¢ 9% + 3;(0 u“dz) + 8y(p uydz)
h ~h

= s b s on b dh
- fqy * Ty + Tx te ox e 9x

9x

n n ]

] ]

+ — (-p + Txx)dz + '5'; [ Tyxdz (5)
~h ~h
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n n
3, 42 3 2,)
st dy + o (p J_huvdZ) + 3y (p f_h vidz
b s dn b 3h
=-fq + T4+ 1 + — + -
Ty Ty TP gy oy
3 (" 3 "
+ — T dz + — (-p + T _)dz
- 0x xy dy vy
-h -h
where
H=h+n
n
q =P & udz
l
q. =P vdz
4 -h

and 9 is the distributed mass inflow per unit area.
To integrate the nonlinear advective terms we express the velocity

components as

u = G(an9t) +u'(x,y,z,t)
- (6)
V(stst) + V'(X,Y,Zst)

v
where u, v denote the vertically averaged velocities and u', v' represent

the vertical deviations. By definition,

qx = pHu
= pHv
q, = PHv (7
n N
J u'dz = I v'dz = 0
-h -h

Introducing (6) in (5) and grouping terms in a form similar to the 3-
dimensional momentum equations, we write the "integrated" momentum

equations as
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d d 3
EE(DH) + ax %x + Ay 'y =9
3 2.G g = x4 O - 3
e + ax(uqx) + ay(uqy) fqy + Bx + ax(Fxx Fp) + 3y Fyx
(8)
"3 9~ 3 - 3 3
. + — —_— = - * — — -
vy qy ax(va) + ay(vqy) qu + By + e ny + ay(Fyy Fp)

where B:, B; contain the surface and bottom stress terms, Fp is the pres-

sure force resultant and Fxx’ F _, F_ are "equivalent" internal stress

Xy  yy
resultants due to turbulent and dispersive momentum flux.
Iﬂ
F = dz
p —hp
.M 2
FXX = n (TxX - p(u ) )dZ (9)
F_ = " (T._ - p(v")%)dz
yy - 7
n 1., ¢
F =F = T = pu dz
xy = Fyx J-h (Tyy = PUVH)

We approximate the flux terms with

F._ =€ =
XX XX 9x X

F € -—
vw_ Syvoay Yy (10)

F

]

- 9_ 3
yx ny B 8xy (By U + 9x qy)

One can interpret the £€'s as either equivalent Fickian diffusion
coefficients or generalized eddy viscosities. In (10) we have
allowed for orthotropic behavior. For isotropic flow, (10) applies

for arbitrary orientation of x, y, and therefore one has
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€ =¢€ = 2¢
XX vy
(11)
E_ =€
Xy
Next, we assume the pressure variation with z is hydrostatic,
= - s (12)
p = m(n-z) +p
and the bottom shear is predicted by a quadratic relation,
c
b f 2 2.1/2
= - - +
T, 2 4 (e, +ay)
c
b f 2 2,1/2
T, o=-—,9.(q +q)
y ow? ¥ ¥ 7
where Cf is a friction factor.
The corresponding forces are
n
F =I pdz = p°H+ B y°
P Jo
* = 15 4 P4 S OH 2h (14
B T Tt P x | P8 H gy ‘ )
b s OH dh
B* =t + 0 + 2 g
y - Ty T Ty TP 3y TRy
Lastly, we express the mass density as
p, * 8o - as

where Py is constant. The incremental density 8p is small in comparison
to p0 for circulation in coastal waters and estuaries. Therefore,
we set p = po except for the pressure force terms. This is the
Boussinesq approximation.

To complete the formulation, we need to establish the boundary
conditions. The total boundary, S, consists of flux segments, Sf, and

ocean segments, So’ as shown in Figure 2. We refer the flux and
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n (exterior
normal)
an’qn

—_—p F
nx

x interior
domain

<—TF .dx
yxX

F -F )»dx
( yy P)

Figure 2. Boundary notation.
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boundary force measures to the local reference frame defined by
the exterior normal, n, and the tangential direction, s, where n + s
has the same sense as x > y.

Mass flux is a vector quantity and its components transform

according to

n
n J; puydz Top. a0+ Olnyqy

q =

h

n
95 = J;h pug dz = - %ny%x + 0‘nqu (16)
o = cos(n,x) any = cos(n,y)

Consistent with interpreting the momentum flux due to nonuniform
velocity distribution through the depth as equivalent internal force

resultants, we write

F =0 (F -F)+a F
nx ' xxX P ny ~yx

nx
a7
F =a F _+aoa (F_-TF)
ny nx Xy ny - yy p
and then transform according to (16), obtaining
F _=-F +F°
nn P nn
ns Fzs
(18)
F =0’ F_+0> F_ + 2 o F
nn nx = xx ny vy nx ny xy
F¢ = (&2 - o’ )F (F_-F)

= + 0 o
ns nx ny’ ~xy nx ny ' yy XX
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On a land boundary (assuming no tidal flats), the flux components

are prescribed.

9 T 9 T 0 om Sf,land (19)
On an ocean boundary, the normal and tangential boundary forces
are prescribed.
=F
nn nn
_ on So (20)
F = F
ns ns
On flux boundaries other than land such as at river entrances the
normal flux is specified equal to the river mass flow.
9 = qriver
on Sriver 21)
q, = 0

When the eddy viscosities are neglected, Fé = 0, and we cannot
prescribe the tangential flux or tangential boundary force. The

boundary conditions reduce to

q, =9, on Sf (22)
and

an =F on So (23)
In the present model application,equation (23) with fnn = - Fp is

used although eddy viscosities are assumed non zero in the interior.
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CHAPTER 3
VARIATIONAL STATEMENT

The governing equations are (8) and the appropriate boundary
conditions. In what follows, we apply Galerkin's method [l4]to establish
the variational statements which are the basis for the finite element
method.

Let AH, Aqx, Aqy represent weighting functions. We weight the
continuity equation with respect to AH, the momentum equations with
respect to Aq, integrate over the domain, and require the residuals to
vanish. We also weight the force boundary conditions on So' The resulting

expressions are

I {gm, +aq,  + q, , - 9y jemaa = o (24)
A
and
_a Fy - - -
fAf lag, o - %% (P F) - 55 F, - BJ Aqda = 0
: ) 3
, q ., -~ F -2 (F -F)-B} AqdA=0
”{Y’t dx "xy By(yy p) y} 1y
A (25)
Sf {-an + %hx (Fxx-Fp) + 0"ny' Fyx} Aqde =0
o]

{-F +a F _ +a F -F Aq dS =0
/ ny nxX =Xy ny(yy p)} iy

Here we have included the Coriolis and nonlinear terms in B.
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=
1

3y - > -
BX + fqy - g;(uqx) "3y (uqy)
(26)

B
y

3 ,—- . 9 ,-
B; - fq - 5% (qu) " %y (qu)

Applying Gauss's theorem to eliminate the derivatives of the force
terms in the momentum equations and combining with the boundary equations

leads to the desired form:

£[ {(qx’t - B ) Aq_+ (FXX—FP)(Aqx)’x + Fyx(Aqx),y} dA

-f F._AqdS =0
S nx X
o

1{}’ Hay ¢ = By) Aay + B (Bap) 4 (Fpo-F) (Bap) o} dA

- F_Ag dSs =0 27
Sf ny 04y (27)
fo)
We have required the flux weighting functions to vanish onASf,
Aq = Aq =0 on S (28)

and consequently the boundary integrals on Sf drop out of (27).
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CHAPTER 4
FINITE ELEMENT MODEL

The continuity equation (24) and modified momentum equations
(27,28) are the starting point for the finite element method. We
visualize the domain to consist of subdomains (elements) and take as
variables the values of Ays 9y H at the points (nodes) defining the
discretization. This is illustrated in Figure 3. The distribution
of a dependent variable over an elemental domain is expressed in terms
of the values of the variable at nodes contained in the element domain
and interpolation functions. In this way, the equations are transformed
to a set of a1gebraic equations relating the discrete variables. In
the present formulation the simplest elements,viz, triangular with
linear interpolation functions,were chosen. However, more complex

elements and expansion functions will be implemented in future modeling.

We define the following notation:
q. . qyi’Hi = values at node i

xi
qie)’ q;e), H(e) are matrices containing the nodal variables
for an element
(29)
N = number of nodes

o)
|

= {qxl, a9 qxz,...,qu} = system flux matrix (2N nodal values)

H={H,, H,,...,H } = system elevation matrix (N nodal values)
1° "2 !

(e)

For example, H = {Hnl’ Hn3} for the triangular element shown

HnZ’

in Figure 3. The expansions are written as
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nodes

Interior domain discretized with finite elements

element relative

element n numbering scheme

Figure 3. Finite element geometric discretization.
n,, n,, ny are the actual node numbers

for the nodes in the domain of element n.
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6~ 2"

A ) 30)
1, =29, (
H= 0 §(E)

where ? is a row matrix. We are considering 3 variables per node.

One can generalize the approach and allow for a variable'number of un-
knowns per node, i.e., different expansions for flux and elevation,
but we prefer to work with the simplest scheme.

In the Galerkin method, one takes the weighting functions
identical to the coordinate functions. Since the finite element method
employs local functions, the weighting function for a particular
nodal variable is finite (non-zero) only for those elements incident
on the node. Rather than treat individual nodes, it is more convenient
to evaluate element residuals and then superimpose the element con-
tributions at the nodes.

Taking the complete set of weighting functions for an element as

_ (e)
Aqx = ? Agx
(e) (31)
=0 A
hay= 2%
A = o Ar‘®)

and substituting in (24), (27) results in the following element

residuals:
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(e)
99,
R| = (Aq (E))T(M X429
el
(e)
+ (gl ”a‘yt_" +2() (32)
(e)
BH
+ (AH(e)) (M(e) - + E(e))
where
u' - ] g% an
A(e)
(e) _ _ - T
P {i)[ <I>B +<1> < Fo Fp)+?,y ny]dA
T -
- { ? nx ds
s(e)
(o]

(33)
p(® - gy [-<I>B +<I> L F +0' (F_-F )] da
Ty L Xy ~y YY P

- oL F ds
(e)~ it
Pée) S {é) or (q _— q;) dA

The forces and flux derivatives in (33) are evaluated using (30) and
the force expressions (10), (14), (26).
The total residual must vanish for arbitrary Aq_ ., Aq ., AH,
xi yi i

(i =1,2,...N). Then,
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R = ) R| . =0 (34)
total elements I el
for arbitrary AQ, AH.

We write the expanded form of (34) as

= onT e & Ty O
- QYOI 9+ B+ amTan S E R (35)

R total
and it follows that

MO+ P =0
- - - (36)

Ith+Eh=9
Finally, we introduce the boundary conditions by modifying the rows
and columns of M corresponding to the prescribed variables and in-
corporating the prescribed terms in P. To minimize notation prolifera-

tion, we assume (36) represent the final constrained equations.
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CHAPTER 5
NUMERICAL INTEGRATION SCHEMES

Efficient stable numerical integration schemes are essential since
a typical problem will involve several hundred node points and inte-
grations over at least one tidal cycle. Complex multi-step methods,
although more accurate, require considerably more computation time and
storage. Therefore, we have concentrated in this study on investigating
the stability and accuracy of relatively simple implicit schemes.

Explicit stability criteria for finite element formulations such
as (36) have not yet been developed. The difficulty is due to the
arbitrariness of the coefficient matrices (i.e., the elements are
confined to a zone adjacent to the diagonal but their magnitudes may
be irregular) and also the skew symmetry of the Coriolis and surface
elevation terms. One generally has to resort to approximate stability
measures based on norms. We make no attempt here to resolve this
problem since our primary objective is to evaluate the performance of
various schemes.

The simplest scheme is the trapezoidal rule. Its one dimensional

form is

dy _
Y
Yo+l ~ ¥n T T2 (fn+l + fn) + EAt
(37)
1 2 dzf
E =708 ac? ty &<t

g
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Iteration is required since the forcing terms in (36) are non-
linear. We include a relaxation factor to accelerate convergence and

evaluate the terms in the following order:

M (B* - H ) = (1=~fl R
m, o=e B+ a-eoul
and
P =R, ol ) (38)

_ At 3-1
y(g* - gn) - 2(gn+1 + Pn)

~

" - j-1
Qi =G ¥+ O - %P%y

The mass matrices are factored initially and the iteration and
time stepping consists of successive forward and backward substitutions.
Convergence is defined by the percentage change in the Euclidian norms

for the surface elevation and mass flux vectors.

N
L _ 52
[ izl(Hn+1 Hn+1)i]1/ 2
: <
’)‘:' aitly2 = %n
i=1 nt+l’i
(39)
Zl @ -dd v
1=
j+1,2 ] =

2 Q.7
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where N is the total number of nodes, and eh, €_ are the specified

Q

tolerances.

The second method examined is the third order predictor-corrector

iterative scheme,

dy .
Predictor:
1
fn+1 3f - 3fn__1 + fn—2
Corrector: (40)
* _, = At .-l -
y Y 12(5fn+1 + an fn—l) + E At
h| = * - j-1
Vpbp = *+ Q-0 vy
e-Lond |2« e
12 dt3 n ntl

g .

This scheme is not self-starting and requires more storage than
the trapezoidal rule. However, it is more accurate and usually
converges faster. Equations (39) are again taken as the convergence
criteria.

The predictor-corrector scheme (40) is coupled with the following

version of the fourth order Runge-Kutta method,

dy
r3 £(y,t)

P
[}

1 At-f(yn,tn)

=
]

9 At-f(yn + 0.4kl, tn + 0.4At)

P
L]

3 At*f(yn + O.296978kl + 0.158760k2, tn+ 0.455737At) (41)
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k, = At'f(yn + 0.218100k1 - 3.050965k2 + 3.832864k3, t, + At)

4

=Y, + 0.174760k, - 0.5514811(2 + 1.205535k., + 0.171185k

Y n+l 1 3 4

E = 0(AtY)

This scheme has the lowest bound on the error for this family of
Runge-Kutta methods [15].

The solution of a given problem begins with an optional number
of integration steps using the Runge-Kutta method, (minimum three
time steps) and then shifts to the predictor-corrector method. At
any time step it is possible to change back to the Runge-Kutta method
to take advantage of its better accuracy. This flexible formulation
also makes it very easy to increase or decrease the time increment,

At, if so desired.
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CHAPTER 6

MODEL COMPARISONS AND RESULTS

The objective of this study is to develop a general numerical
model for the prediction of 2-dimensional hydrodynamic circulation
in waterbodies which are well-mixed through the water column.

Several example problems for which analytical solutions are
readily obtainable were solved with the finite element numerical model.
These examples demonstrate how the model performs in situations of
varying geometry and also show the effect of eddy diffusivity on
damping short "noise" waves generated by the numerical scheme due to
truncation and round-off errors. A circulation analysis for Massachu-
setts Bay was carried out.

The initial numerical solutions with the trapezoidal rule
required an average of 7 iterations per time step to obtain comparable
results. Since the higher accuracy Runge-Kutta method only requires
4 evaluations of the integrand per time step, this was found un-
satisfactory. Convergence with the trapezoidal rule can be accelerated
by extrapolating the integrand at the start of each new time step.
However, this necessitates more storage and the computational effort
is now of the same order as the predictor-~corrector method. Therefore,
subsequent efforts were concentrated on the fourth order Runge-Kutta
and third order predictor-corrector methods.

In the first example, the forced standing wave in a rectangular
channel without friction or coriolis effect was modeled as shown in

Figure 4. The analytical solution is
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Figure 4. Sketch of rectangular channel.

TABLE 1
Comparison of analytical and numerical solution.

Rectangular channel. Initial velocities given by analytical
solution. Runge-Kutta method. At=2.5 sec.

SURFACE HEIGHTS VELOCITIES
numerical analytical difference time numerical  analytical difference
-1.000v -1.0000 - 3T/4 0.0003 0 0.0003
-1.0217 -1.0210 0.0017 0.0002 0 0.0002
-1.0378 -1.0374 0.0004 0.0003 0 0.0003
-1.0491 -1.0492 0.0001 0.0003 0 0.0003
-1.0565 -1.0563 0.0002 0.0004 0 0.0004
-1.5900 -1.0586 0.0004 0.0001 0 0.0001
0.0000 0 - T 0.5443 0.5440 0.0003
0.0000 0 0.0000 0.4382 0.4382 0.0000
0.0001 0 0.0001 0.3305 0.3303 0.0002
0.0001 0 0.0001 0.2213 0.2211 0.0002
0.0001 0 0.0001 0.1108 0.1108 0.0000
¢.0001 0 0.0001 0.0000 0 0.0000
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n=—-—%_- coS{w—E— (% - 1)} sin wt
cos W— Ygh
Vgh (42)
u=- _aVgh sin{w—E— (% - 1)} cos wt
h cos w—— /gh

/gh

where the forcing function at the open end, x = 0, is

= a si
nx=0 in wt

and L, h are the channel length and depth. The numerical model was
started with the velocity distribution defined by (42) for t = 0.
For t > 0,‘n = a sin wt was prescribed at the 3 open end nodes and
the y velocities were set to zero along the boundaries. A compariéon
of the numerical and analytical results is listed in Table 1. The
agreement is very good as expected.

In a "real" situation, one usually does not know the initial
velocity field. One possible approach is to start the model with
all surface elevations and velocities set to zero (or some other
estimated values). The second example demonstrates this type of start
up.for the rectangular channel. The exact solution was obtained with
the method of characteristics.' The results with the Runge-Kutta
scheme for this problem follow the exact solution closely. However,
the predictor-corrector results exhibit an instability characterized
by the growth of short waves as demonstrated in Figure 5. This
phenomenon was attributed to less accuracy of the scheme. The problem
was resolved by introducing some eddy viscosity (ex =g = 2¢ = 10 m2/sec)

y Xy

and again good agreement between analytical and numerical solutions



1.5

0.5

200 m

0 40 80 120 160

-+

Surface elevation

[m]

*u

. . T/2
* * - - 7T/12 2.0
—x - 2 ———
8T/12
— 35— —¥— ¥ 115
-1 ¥ + % 9T/12 4 1.0
1 ! 10T/12 + 0.5

i 11T/12
. T
C

Distance along axis of channel from ocean

— - 4 -3

—x &—4 e—t

0 40 80 120 160
Figure 5. Tidal excitation of one dimensional rectangular channel starting from rest.

Comparison of analytical and numerical solutions with and without eddy diffusivity.

Integration by predictor-corrector method. At=2.5 sec. Period T=600 sec.
— exact solution.

I numerical solution without eddy diffusivity, (value range of 3 cposs sectional nodes).

x numerical solution with eddy diffusivity, €, = Ey = 2€xy = 10 m" /sec.

_.-)7€_



-35~

was obtained. For the same time increments, the predictor-corrector
method requires approximately 25% less time than the Runge Kutta
scheme.

The 2-dimensional Courant-Friedricks-Lewy stability criterion

for explicit differencing of the wave equation is

At < S (43)
V2 e

where 6 is the grid size and ¢ is the wave velocity. For the rectangular

channel we have

c = Vgh = /9.81-4 = 626 m/sec.

so that 10 m < § < 40 m » 1.13 sec < Atc < 4.5 sec.

The results plotted in Figure 5 were obtained with At = 2.5 sec.
When At was increased to 5 sec., gradual instability was observed.

An analytical solution in infinite series for the harmonic forcing
of a rectangular basin with a slot has recently been derived by Briggs and
Madsen [17]. Figure 6 shows their results for a constant depth (36.6 m)
model representative of Massachusetts Bay. The model geometry and
corresponding finite element layout is shown in Figure 7. The
numerically computed surface elevations and current velocities,

Figures 8 and 9, compare favorably with the analytical. One explanation
for the small discrepancies may be found in the treatment of the ocean
boundary condition. In the numerical model the height is.prescribed
exactly equal to 1.31 m*(l - cos wt) across the slot, whereas the
analytical solution only satisfies this at four discrete points. The
numerical results were obtained with the Runge-Kutta method without

bottom friction, eddy viscosity or Coriolis effect. The C-F-L criterion
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109000 m

Rectangular model of Massachusetts Bay.

Dimensions and element layout. Constant depth = 36.6 m.

Fig. 7.
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0

scale

71 elements and 48 nodes.



Fig 8. Rectangular model of Massachusetts Bay.

Note: only the decimals Finite element solution. Runge-Kutta method, At=200 sec.
are given for cen- Surface elevations at element centroids and surface contour
troidal values. lines after 68000 sec, 1.5 tidal period. The computed approximate

tidal range in meters is given for each contour line.
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is
c = y9.81:36.6 = 18.9 m/sec

$ 5700
t = = = 214 sec
c T 1.41-18.9

and a t = 200 sec was selected.

Lastly the tidal and winddriven circulation in Massachusetts Bay was
computed. The geographic boundaries and the finite element grid are
shown in figure 10. Since very little actual data is available, a model
yielding only the gross circulation is appropriate at this time. A
fairly coarse grid of 74 elements and 53 nodes was laid out reflecting
somewhat the varying bottom topography. The tidal ranges for the two
shore nodes at the extremeties of the ocean boundary were obtained from
tide tables [18] and the tide level was assumed to vary smoothly in
between. The Coriolis parameter was determined for a latitude of AZON,
f = 0.973-10-4 sec-l. No attempts were made to model lateral inflows
at this stage.

An initial solution for pure tidal motion with a small constant
value of C_ was carefully examined in order to estimate new improved

f

Cf's for each element, so that the tidal ranges and lag times at the shore

points more closely match available tide table data. In estimating Cf,
a strong correlation with local depth was assumed. The final solution
for which surface contour lines at high and low tide are shown on
Figures 11-12 had Cf varying between 0.0025 + 0.0011. However, to
really tune the model, current records at several points are desirable.
The calculated tidal water velocities are shown in Figures 13-14

and typical time histories of surface elevations and velocities are

plotted in Figures 15-16.
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Boston

Fig, 10. Massachusetts Bay. Geographical boundaries and finite

element grid.
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Fig. 11. Surface contour lines after 68000 sec. (1.5 tidal cycle).
The elevations are given in meters above MLW. Note that only

decimals are shown for centroidal elevations.
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Fig. 12. Surface contour lines after 90000 sec (2 tidal cycles).

Centroidal elevations are given in mm below MLW.
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Fig. 14. Computed currents after 78000 sec. (1.75 tidal cycle).
Ebbing tide.



Fig. 15, Time history of computed elevations at Boston and in Cape Cod Bay.
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The results were obtained using the Runge-Kutta integration
scheme neglecting convective terms and eddy diffusion in the momentum

equations. The CFL criterion is

At < S = 6000 = 223 sec.

€T V7 V2 19

and a At = 200 sec was selected. The predictor-corrector scheme

was applied to the same problem but exhibited gradual instability

after one tidal cycle (44600 sec). When At was reduced to 150 sec,
comparable results were obtained for more than 2 tidal cycles. However,
5% more computing time was required.

Several cases of wind forcing were also investigated. Massachusetts
Bay is characterized by a low Rossby number (about 0.1), small surface
elevation change compared to the mean depth, and minor effect of bottom
friction. Therefore, it is reasonable to assume the response of the
system is linear. This is very important since it allows one to use
superposition which reduces the computational effort considerably.

To verify the "permissability'" of superposition, two wind situations
without tidal motion were executed until steady state was essentially
achieved. The 10m wind velocity, UlO’ was 10 m/sec which produces a
surface shear stress of approximately 1 dyn/cm2 according to the relation-

ship given by Wu [19]:

s 1 2
T =7 Pair ¢ U10
_ =3 1/2
Cc =0.5-10 Ulo 1< U10 < 15 m/sec.

This is a frequently measured surface stress in the area.
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The steady-state current field for wind from North and South-West
are shown in Figures 17, 18. As a preliminary test of linear behavior, a
situation with wind from South was also computed yielding numerical’
values of velocities and surface elevations within 1% of the North wind
case. |

Figures 19, 20 show Calcomp plots of a superposition of velocities
produced by wind from SW alone and pure tidal motion, whereas Figures 21, 22
show the same velocity fields but computed simultaneously. The validity
of a linear system assumption as a first approximation is clearly demon-
strated.

The limited experience acquired so far has demonstrated that
the finite element discretization approach is a reliable and efficient
method for fluid flow problems with complex boundaries. Of the two
integration schemes tested, the Runge-Kutta method seems to be universally
applicable whereas the predictor-corrector scheme is prone to exhibit
instability. If the forcing terms are sufficiently complicated to
estimate, the savings in iterations may give the latter scheme a
computational advantage, even if a smaller time step must be used. This
might, for instance, be the case when the convective terms must be
retained. Also the improved stability through the smoothing effect of

adding diffusive terms needs further examination.
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Wind from due North.
Uniform field, U= 10 m/sec.

Currents 96000 sec after
initial application of wind.

. 0.5 m/sec

Fig. 17. Computed current field
due to wind forcing from the North.
No tidal motion. Steady-state reached.
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Fig 18. Computed current field . =
due to wind forcing from the South- -
West. No tidal motion. Steady-state
reached.
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MATHEMATICAL MODELS OF THE MASSACHUSETTS BAY

ABSTRACT - PART II

ANALYTICAL MODELS FOR ONE- AND TWO-

LAYER SYSTEMS IN RECTANGULAR BASINS
BY

DOUGLAS A. BRIGGS
AND

OLE S. MADSEN

A need for qualitative information concerning the hydrodynamics of
Massachusetts Bay has been seen from recent oceanographic measurements and
current studies in the Bay area. In response to this, two analytical models
have been derived for a simple rectangular configuration which can be
applied to the geometry of Massachusetts Bay. A one layer model has been
developed to simulate the conditions found during the winter season when
the water column is well mixed. A two layer model represents the strati-
fied case generally observed, with the presence of a strong thermocline,
during the summer.

Both models are derived from the linearized long wave equations in
two dimensions and analytical solutions are obtained by neglecting Coriolis
force, bottom friction, and wind stress. The models are depth averaged and
the geometry of the Bay is represented by a rectangel. The boundary con-
ditions are specified as zero normal velocity along the walls and a constant
surface slope across the opening connecting Massachusetts Bay to the ocean.

The results of the two models indicate that the surface elevations
at high tide are fairly insensitive of the assumed conditions (one or two
layer model). However, for the two layer model, relatively large inter-
facial waves are predicted as well as velocities which at some locations in
the upper layer, are directed shoreward on the ebbing tide, rather than
seaward. Comparison of available field observations with these results
verify, qualitatively, that these conditions do exist and shows that if a
model capable of predicting velocities in the Bay is desired, it must
incorporate the conditions corresponding to a two layer flow.
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CHAPTER T
INTRODUCTION

Massachusetts Bay, as seen in Figure 1-A, lies at the eastern
edge of Massachusetts and is surrounded by land on three sides. The
average depth of the Bay is approximately 120 feet with the ocean
boundary between the tip of Cape Ann and the tip of Cape Cod, a dis-
tance of the order 41.0 nautical miles. Located on the northwest
is Boston Harbor through which three rivers, the Charles, the Chelsea,
and the Mystic, flow into the Bay. In addition, the Cape Cod Canal
exerts an effect on the Bay circulation by allowing an exchange with
Buzzards Bay to the southwest.

The results of current observations and other oceanographic
measurements recently taken in Massachusetts Bay have shown the occur-
rence of some interesting and unusual conditions. Field data concerning
the vertical structure of temperature, salinity, and density suggests
that a rather pronounced stratification exists during the summer
months., Drogue studies during periods of pronounced stratification
exhibited some rather peculiar phenomena. Thus, it was found that
shallow drogues during ebbing tide proceeded towards the shore
rather than seaward, as expected. Although the well mixed situation,
encountered during the winter season, is of interest and Will be
considered, it is the stratified case that is of primary concern since

it is this situation that exhibits the most unusual condition.
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Thus it was felt that a simple model predicting the hydrodynamics
of Massachusetts Bay, shown in Figure 1-A, could lead to source insight
into the Bay circulation and possibly explain some of the unusual
field observations. Consequently, the theoretical development of two
analytical models, a one layer model representing the well mixed
case and a two layer model representing the stratified case, was
undertaken in an attempt to explain some of these conditions. The
primary quality of the desired model was that it be simple, such that
an analytical solution could be obtained and readily evaluated. This
was attained by the simplifying assumption of a depth averaged
rectangular configuration for the Bay area. Further, by linearizing
the governing equations neglecting Coriolis force, bottom friction,
and wind stress, a simple analytical solution was obtained, which
qualitatively explains some of the observed phenomena.

The models predict currents and amplitudes for the entire area
of Massachusetts Bay. Results of the model show a difference in the
predicted current pattern, suggesting the necessity of including, in
a more sophisticated model, the effects of stratification if an accurate
prediction of the current field is desired. By comparing the results
of the two layer model with field observations, it is demonstrated
that such occurrences as relatively large interfacial waves and
currents flowing toward the boundaries in the upper layer during an
ebbing tide are qualitatively explained by the simple twg layer

model presented here.
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CHAPTER II

THEORY AND DERIVATION OF THE ONE AND TWO LAYERED MODELS

2.1 Linear Long Waves

Two dimensional long wave propogation has, in the past decade,
received considerable attention from both analytical and numerical mod-
elers as the system of equations describes a physical situation of
considerable interest to the coastal engineer. Able to predict the
hydrodynamics associated with storm surge and tidal-wave propagation,
models utilizing long wave theory have provided engineers and related
practitioners with the ability to predict tidal currents and elevations
in estuaries and coastal areas.

The long wave equations describe flow in the nearly horizontal
direction, with the implication that the pressure distribution is
hydrostatic and that the vertical accelerations are negligable. Due
to the fact that even numerical solutions of the non-linear equations
are rather difficult to obtain, the present models will be restricted
to the linearized equations of motion in two dimensions. The equations,
which are vertically averaged, neglect convective accelerations and
allow a simplistic approach in their application to Massachusetts Bay.

Derivation of the one and two layered models are quite similar
in nature and both include, in the governing equations, Coriolis
force and frictional forces.

However, in order to preserve simplicity, we neglect the

influence of the Coriolis force as well as bottom and interfacial
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friction in the application of the two models.

2.2 One Layered Model

The dynamic equations for the one layered model can be derived
through the application of the Navier-Stokes equations for in-
compressible fluids. The eduations of continuity can be derived by
summing the mass flux through a control volume. Representation of
the coordinate system and nomenclature for the one layered model is
found in Figure 2-A. 1In linearized form, assuming constant depth and
vertically averaged velocities, the governing momentum equations for
tidal wave propogation, including bottom friction and Coriolis force,

become in the x and y directions respectively:

on , ou 1 1. _ ; -

g 5y + e " 2 Cf U o Zne(51n¢)v 0 (2.14)
on , ov _ 1 1 . -

g 5y + 3% " 2 Cf U n v + Zwe(31n¢)u =0 (2.1B)

where u and v are respectively components of the water velocity in the
x and y directions, t is time, g is acceleration due to gravity, n

is the surface elevation relative to mean sea level, C_ is the local

f
shear-stress coefficient, U = Vuz + v2, h is the depth, we is the

angular velocity of the earth, and ¢ is the latitude. The linearized

form of the continuity equation is:

Qn_+ 3(hu) + 3(hv)

ot ox oy - (2.2)

Assuming periodic motion, where w = %E and T equals the tidal period of

12.4 hours;
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Elemental Water Column

With Bottom Friction ( T

-
4————,,—”"”“‘/ Mean Sea Level

( MSL )

n (x,y,t)

One Layer Model
Coordinate System and Nomenclature

Figure 2-A
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(u,v) = Real {(u,v)e *t} (2.38)

n Real {neiwt} (2.33)

it can be shown after linearization of the friction term by letting

1 1 . _ . .
A= E—Cf U E-and by setting f = 2 we(81n¢) that:
g %% + iwu - Au - fv =0 (2.44)
on _ .
g =i-t iwv = Av + fu =0 (2.4B)

oy

Equation (2.4B) can be solved for v which is then introduced

into Equation (2.4A) giving u in the form:

2 an fg an
w o - o _ an (2.5A)
2 ox (iw-X)z + f2 oy

iw -A + iw——)\

By the same manner solving for u in Equation (2.4A) v can be

obtained as:

_ g an fg on
v = - — + — (2.5B)
2 9y . 2 2 9x
S0+ 'f (iw-A)" + £
iw-A

Differentiating equation Equation (2.5A) with respect to x and

Equation (2.5B) with respect to y and multiplying both by h allows sub-

9(hu) 9(hv)
ox

stitution of the and 3y terms in Equation (2.2). The

continuity equation now becomes:

2 2
9n _ __gh A+ -0 (2.6)
f 9x oy

iw=-A

iw-A +
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By letting %%-= iwn the governing equation for n in the one layer

model becomes in final form:

2 2 2 2
3_32_+§_f21+9.ﬁ(1+i%-ﬂ097)n=0 (2.7)
9x oy g l+ia

The special case of no bottom friction,A = 0, and no Coriolis force,
f = 0, leads to:

2
gh

o, o,
2 2

|8

n=2~0 (2.8)
9x oy

It is clear from (2.5A), (2.5B) and (2.7) that a non-zero bottom

shear stress will introduce a phase difference between u, v and %2
and %gu The magnitude of the tezmlg-may be estimated, from an

> 0,005, h = 120 ft, and U = 1 ft/sec, to be-l

assumption of C 8

£
which indicates that it is reasonable to neglect this term.

It is worth noting in the governing equation, the importance
of Coriolis effect on Massachusetts Bay where the mid-latitude is
approximately 42°N. The Coriolis term in Equation (2.7) is of the

order 0.45 since (5)2 x sin2 42°, and obviously neglecting f is a

relatively poor assumption. However, by retaining Coriolis, the
boundary conditions become complicated and difficult to solve and since
the purpose of the study is to develop a simple qualitative model, £
is set equal to zero.

Now that the simplified governing equation has beern developed

for the one layered model, the various conditions must be imposed on

the boundaries to specify the particular problem. As shown in
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Figure 2-B, a simple geometry has been assumed with effectively im-

permeable walls on all sides except at y = Yo between Xy and X, where

there is an opening representing the ocean boundary between

Massachusetts Bay and the Gulf of Maine.

:
=

J,l
A

o]
L L L L L L L L LSS

E

VAW AV AN AV AV AN A A v A i

Figure 2-B: Geometry of
One and Two
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Consequently the velocities can be specified along the walls such
that u = 0 at x = 0 and X for all y and that v = 0 at y = 0 for all x

and at y = Y, for 0 < x < X5 Xy < x < X . Neglecting Coriolis effects

it is seen that u = 0 corresponds to %2 = 0 from Equation (2.5A)
fr

and that v = 0 corresponds to %3 =0

sequently the boundary conditions may be summarized as:

om Equation (2.5B). Con-

At x =0 g% -0 (2.9A)
_ on _
At x = X X - 0 (2.98)
Aty =0 g—’; -0 (2.9C)
0 < x<x
Aty =y M, - -1 (2.9D)
° By x2 < x f xo

If the width of the opening between X, and x, is small it may be

) . . .
assumed that Sg-or v is constant over the entire opening. A gross

1

conservation of mass consideration then gives, with ¥ being the volume

of fluid in the bay above mean sea level:

¥=/dx/nady

¥
ot

through the opening. This can be written as:

= rate of change of volume within the bay must be equal to the inflow

N _ - - 2.10
5t = T V(x2 xl)h aty =y, (2.10)

From Equation (2.5B), assuming no friction and no Coriolis effect,

it can be shown that:
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on _ w1 v

y g (x,-%x,)h ot (2.1

Assuming that the tidal motion within the bay is periodic where

¥ = Veiwt or %%'= iw¥ the last boundary condition can be determined:
2
- on_ _w _1
Aty =y 5y = " gh = X < x <% (2.12)

The solution can be expected to be determined except for a
constant since only derivatives are prescribed as boundary conditions.
This constant is determined from considerations of the amplitude of
the tidal motion at some point in the bay.

The boundary conditions specified in (2.9A) and (2.9B) suggest
an x-dependence in the solution of n such that n = cos kn x. It is
apparent that %2 = 0 at x = 0 and also at x = X if knxo = nT for

n=0,1,2,.... Thus kn will take the form:

k =— (2.13)

The boundary condition in (2.9C) suggests a dependency in y such
that n = cos my. As a result g—g = 0 at y = 0 and consequently a

solution of the following form will be sought:

[e =]
iwt
n=-e g An cos knx cos m y (2.14)

The solution must satisfy the governing equation (2.8), and by
substituting the general solution (2.14) into (2.8) m can be solved

in terms of k @
n

m = — -k n = 0,1,2... (2.15)
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For the particular case of Massachusetts Bay h ~ 120 feet and X, =

59. NM (nautical miles) and it can be shown that m is imaginary for

n > 0. Since we are seeking only that portion of the solution which is
real and by the fact that cos i o = cosha the general solution may be

written as:

oo
iwt
= e { A  cos my + nzl A cos k x cosh mhy} (2.16)

where m, is evaluated for n = 0 in Equation (2.15). The constants An
must be determined from the remaining boundary conditions specified
at = .
Yy =7,
Evaluating the volume of water in the bay, ¥, it can be shown
that only the term corresponding to n = 0 contributes to the volume

since integration of the terms for n > 0 from x = 0 to X give zero by

virtue of the boundary conditions. Hence:

V =

stp

- ono sin m_y (2.17)

which determines the boundary condition, stated in (2.12), to be
satisfied at y = Yor

The y derivative of the solution given by Equation (2.16) can now
be matched at y = Yo with the boundary conditions given in (2.9D) and

(2.12) with ¥ from (2.17). -Through a Fourier expansion the coefficients

An can be determined leading to the final form of the general solution:
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o 2m0 sin moyo(51n knx - sin knxl)

iwt 2
n=A4Ae {cos m y - 2 — .
n=1 mnkn(x2 xl)
cosh m y
m‘ cos knx} (2.18)
n’o

where AO can be evaluated once the elevation N at some point in the

Bay is known.

2.3 Two Layered Model

Derivation of the two layered analytical model is similar to the
one layered one although discrete differences appear with the intro-
duction of the second layer. The dynamic equations are again formu-
lated in two dimensions by the application of the Navier-Stokes equa-
tions and the continuity relationships through a mass balance. The
model is able to predict water surface and interface profiles and
velocities in both layers.

Representation of the coordinate system for the two layered
model is shown in Figure 2-C. The lower layer is specified as layer
one and the upper layer as layer two with the subscripts 1 and 2,
respectively. With this the dynamic equations, in linear form, for
the two layered model become:

Layer 1, =x-direction

.?_i:_l.+_p_2_gan2+pl_nganl_}_c v, oo +_T_i_x__
ot Py ox Py ox 2 °f "1 hl 1 plh1
Zwe(sin qb)v'l =0 (2.194)
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Layer 1, y-direction

ov p on P,-P on T
__l._+__2_g 2, lZg 1——1-CULV P 52N
at P1 dy Py ay 2 £ 71 h1 1 plhl
Zwe(sin ¢) u, = 0 (2.198)
Layer 2, x-direction
ou on T. T
2 2 ix sX
+ g - + - 2w (sin ¢)v, =0 (2.190C)
ot ox pzh2 p2h2 e 2
Layer 2, y-direction
oV on T, T
2 2 _ _ iy sy ; =
5t " 83x  pyh, | pph, T 2We(sin Du; =0 (2.19D)

where p is the density, Tix and Tiy are the interfacial friction terms,

and T indicates a surface wind shear stress. The remaining terms were

defined in the one layer model and remain the same. The conservation

of mass equations are similar to those in the previous model and when

linearized take the form:

Layer 1
on d(h.u.) o(h.v.)
1 171 1°1
5t T ax gy =0 (2.204)
Layer 2
on, . 8(h2u2) . 3(h2v2) ) 301 o 2.208)
at 9x dy ot )

The above continuity equations have assumed two immiscible fluids,
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i.e., no exchange of mass across the interface. If a mass exchange
between the two layers were considered the interfacial friction would
be influenced by the associated momentum transfer across the interface.
For a discussion of this reference is given in Pedersen (1972). The
governing equations are the linearized form of those given by Grubert
and Abbott (1972).

It is obvious that retaining the Coriolis and the frictional
terms tends to make the governing equations quite lengthy and difficult
to solve. Consequently, the bottom and interfacial friction terms,
the Coriolis force, and surface shear stress will be set equal to zero
in order to retain the simplicity that is desired in the model.

It is iﬁportant to note the result of the steady state condition,

. . u
as in the case of wind setup, where du and §z-are zero. It can be

. ot ot

on an
shown that if S;r-and 5;— do not equal zero then the momentum equations
for layer one, given by (2.19A) and (2.19B), reduce to:

x~direction

on o an
2 2
= - s (2.214)
172
y~direction
an 0 on
1 2 2
8 == p _.p a (2.21B)
y 17Py 9y

Obviously, if the densities of the two fluids are within a few percent
of each other, the slope of the interface is far greater than that of
the surface., In addition the slope of one is tilted in an opposite

direction from the other.

-26-



In Massachusetts Bay the density of one layer is generally within
0.4 percent of the other. Since the two densities are so close to-

gether, an approximate form of the momentum equations for layer one

p
could be obtained by replacing-—ég in n, by unity.
1

Again summing the tidal motion in the bay to be periodic we take:

_ iwt
(nl, Ny» ups Uy, Vi v2) = Real (nl, Nys Uy Uy, Vs v2) e

Bul Buz avl 3V2

Gt » 50 Br e ar ) T Wy, vy, vy, vy)

the governing equations can be derived for velocities and elevations.
Velocities in the upper layer, u, and V,s can be obtained directly

from the momentum Equations (2.19C) and (2.19D)

on

- _&8 2
u, o x (2.224)

on

- .8 _2
vy o 3y (2.22B)

By taking the derivative of ug with respect to x and the derivative

3(h2u2 B(hzvz)
of v, with respect to y, the e and-——55—~— terms can be

obtained and introduced into the continuity equation for layer two,
(2.20B). 1In terms of N, the governing equation for the interface
profile becomes:

gh an an

N L B N
M =Ny T3 2 2
w ox oy

(2.23)

The x and y derivatives of N, can now be introduced into Equations
(2.19A) and (2.19B) respectively. By this the velocities in the lower

layer are determined as:
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3 3
on p,-P, gh, 9™ o™
w5 sz -5 é 2= 55+ ——5 ) (2.248)
1w 9x 9x0y
3 3
g My, PPy Ehy Ty 9Tn,
ViT Tiw ¥y T iw p 2 7t T3 ) (2.24B)
y 1 w ox dy 9y

Now that the velocities in layer one have been derived, it only
remains to determine the equation governing n,. It should be noted
that the development of the governing equations has specified all
velocities and nl in terms of upbe The surface profile, nz, can be
determined in much the same manner in which n, was found, i.e.,
B(hlul) B(hivl)

e and —~5§——— can be derived from Equations (2.24A) and (2.24B)
respectively and along the Equation (2.23) can be introduced into the

Conservation of Mass equation for layer one, (2.20A). Consequently,

the governing equation for Ny takes the form:

g(h +h,) 32n2 32n2 ghy gh, p;-P, 84n2
n, + 5 7t )t 5 5 ;. ¥
w 9x oy w w 1 9x
234n2 84n2
5+ =) =0 (2.25)
9x oy Jy

For the case p1 = p2 it should be noted that the above equation re-
duces to the linear long wave equation in two dimensions.

The same geometry used in the one layered model will be applied
to the two layered situation. As shown in Figure 2-B, the Bay is
assumed rectangular with impermeable boundaries except for the section
between Cape Cod and Cape Ann which is open to the Gulf of Maine.

The boundary conditions are formulated by specifying the velocities,
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in both layers, equal to zero along the walls and can be summarized

as.:

[+
]
(=}
V]
s
"
1

1’ 0 and X (2.264A)

1]
o

vis Y, =0 at y (2.26B)

This suggests a solution of the following form:

[}
iwt
n, = E An cos kn x cos m y (2.27)

where the constants An’ kn’ and m must be determined for each n.
Applying now the boundary conditions in (2.26A) to the assumed

solution for u,, given by Equations (2.22A) and (2.27), kn can be

2’

derived in the following form:

k = - n=0’l,2’.-.

which is the same as derived previously for the one layered case and

will satisfy u, as given in Equation (2.244).

1

The condition that v, is equal to zero at y = 0 can be applied

to the solution for v, as given by Equations (2.22B) and (2.27).

Combined with the expression for vy it is seen that both have a y
dependence given by sin my which vanishes at y equal to zero. Thus
the assumed solution, as given by Equation (2.27), meets all the
specified boundary conditions and seems promising as the general

solution for nz.

Since kn has been determined it now remains to find the
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expression for m . Introducing the assumed solution for Ny into

the governing equation for the surface profile, Equation (2.25),
yields an expression which can be reduced to the form amﬁ + bmi + c =
0. As it is quadratic, the expression can be solved directly for m

to the following point.

2 2 1 w? Mthy opy v// Py=P,  hyhy
moo=-k +5 = = (1 £ / 1-4 A
ghy B3  Py7Pp P1 (h,+h,)

)

PPy hihy L P

The quantity 4 which will be far smaller

P (hl+h2)2 - P
than unity. Thus, the approximation can be made that v1-£ equals

1 --% €. With this the final form of m is obtained as:

// w2 2

m = -k (2.294)
ny g(hl+h2) n

n = //‘”2 i W i -k 2 (2.29B)
n, gh2 P1=P, hl g(hi+h2) n

where (2.29A) is seen to be identical to the result obtained for the
one layer model, (2.15). Thus when the Bay dimensions are small

compared to the tidal wave length it can be seen that m is imaginary
1
except for kn = 0. However, m will start out by being real if
p,-P 2
g 2 is sufficiently small, but at some n = N, m will also become
1

2
imaginary. Hence, the solution may be written as:
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(e

iwt:
= +
n.=e {Ao cos mo y 2 A cos k x cosh m y

2 1 n=1 1
N-1
+B cosm y+ 2 B cosk xcosm y+
o] (o] n n n
2 n=1 2
- -
) B_cosk x coshm y } (2.30)
n n n
n=N 2

The solution for N, can now also be written in terms of An and Bn
by the substituticn of Equation (2.30) into Equation (2.23). From
(2.30) and the similarity between (2.29A) and (2.15) it is obvious
that the terms involving the constants An are similar to our one layer
model, whereas the terms involving Bn express the influence of the two
layered system.

As previously discussed, a gross conservation of mass consideration

can be defined as:

¥ = [ dy [ ndx
Applying this to the total water column and integrating from x = 0 to
X and y = 0 to Yo yields the equation for the volume of fluid in
the bay.

- _ 1 , 1 .
Vtotal = [dy S nzdx = X [Ao Er—-51n(mo yo) + B0 ;r—-31n(mo yo)]

o1 1 o, 2

(2.314)

By the same method the volume, ¥ ,of the lower layer, can be de-

1’

termined since the solution to ”1 has been determined:

=31-



_ _ 1 . 1 .
Vl =/[dy S n, dx = xO[Ao ;r—-51n(mo yo) + qjgr—-51n(mo yz)]
o] 1 o 2
1 2
gh,

- —= JA i + i .31B
X wz [ o mol 51n(molyo) B0 m02 51n(m02y0)] (2.31B)

o¥ BVZ

The change in volume within each layer, SE—-and-g——

e is periodic

and must be equal to the inflow through the opening. Consequently,

as in the one layer model, the following can be written:

3Vl
Pyl vl(xz—xl)hl aty =y_ (2.324)
(¥ -¥.)
total '1° _ _
5t = - vz(xz-xl)h2 at 'y =y_ (2.32B)

Since Vo is given by Equation (2.22B) it can be shown that, by
an

substitution of v, into Equation (2.32B), S;z-will take the form:
on 2
2 w
dy ghz(xz—xl) total 1
on
By the fact that Vl and Vtotal are given and since 5;— can be obtained

from Equation (2.30) the above equation can be expressed completely in
terms of A.n and Bn' Similarly, v, can be obtained by substitution
of the solution for nz into Equation (2.24B) which when introduced

into Equation (2.32A) also, by knowing ¥., gives an expression

19

completely in An and Bn' These equations become:
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Layer 1 (Bottom Layer)

Am sinm y_ - 2 Am cosk xsinhm y +Bm sinm y
CICH 0,70 2y nny n n, "o ° o, 0,70
N-1 o
+ . z Bnm cos kn x sin moy, " 2 Bnmh cos kn x sinh moy
n=1 " ™2 2 n=N 2 2 °
py-P, sgh ® ,
N _fg [ z - Ankn2 m  cos kn x sinh noy,
1 w n=1 1 1
® 3 N-1 2
+ 2 Anm cos knacsinh m yo+ z Bnkn m cos kn X sin moy,
n=1 " M1 1° n=l 2 2
b 2 N1 3
- Z Bk m cosk xsinhm y + z Bm cosk xsinm y
Sy tonony n n,”0 %, nn, n n,” o

3 . _
+ Z Bn m ~ cos kn X sinh L yo] =

n=N 2 2
2
+ W ¥ x. <x< X
ghl(x2 -x) 1 1 2
0 - elsewhere
(2.344A)
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Layer 2 (Top Layer)

© m
n
Ao %o sin %30 ~ Z S A sinhm y +B m sinm vy
1 1 n=l 2 n n.’o o o 0,” 0
1 2 2
N-1 " w Ty
2 . 2 .
+ —3-Bn sinm y_ - Z 5 Bn sinh m oy, =
n=1 2 n=N 2
w2
gh,, CGe=x, Feorar ~ %) ¥ <Cx<x
0 elsewhere
(2.34B)

Since the functions cos knx with kn = n1T/xo are orthogonal on the
interval x = O, X 3 each equation can be multiplied through by

cos kmx and integrated from 0 to X, By this method two equations,
each with two unknowns, An and Bn’ are obtained for each n.

Representatively, these take the form:

a A +b B c A +d B (2.35A)
n n n n n o n o

a'A +b'B
n n nn

c'"A +d'B (2.35B)

n o n o

where the coefficients an, bn’ cn, and dn in both equations are known
functions of n. Thus, in principle (2.35A) and (2.35B) could be solved

to give the constants An and Bn as functions of n, A0 and Bo.

From the discussion following the derivation of (2.30) it is
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clear that the constants AO and Bo’ although not independent, govern
primarily the surface and interface elevations respectively. It should
be noted that by letting Bo equal to zero the solution for n, as

given by Equation (2.30) approximates the form of the general solution
for n in the-one layer model.

The constants Ao and BO must be specified by some type of field
information, either elevations or velocities, at a known location.
Specifying Ao and Bo allows the two equations to be solved for An and
Bn which can then be introduced into the governing equation for Nye
With this the remaining velocities or profiles can be determined

through the appropriate governing equations.
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CHAPTER III
RESULTS OF THE ONE LAYER MODEL

The one layer model represents the well mixed situation generally
found in Massachusetts Bay during the winter months. Oceanographic
data collected by the U. S. Department of the Interior (1959) shows
that for the duration of the winter season the water column is fairly
uniform in temperature and salinity because of the absence of a
thermocline. As a result the Bay can be assumed of constant density
with the one layer model being quite representative of the physical
situation. The one layer model is consequently able to yield a simple
prediction‘of the surface profile and currents due to the tidal action
in the Bay for the winter season.

3.1 Computational Aspects

3.1.1 Mathematical Simulation of the Ocean Boundary

In the development of the general solution for the one layer
model, as given by Equation (2.18), it was stated that to predict the
surface profile and velocities the constant A0 must be determined by
field data. This field information which is required for the evaluation
of Ao can either be a tidal amplitude or current information specify-
ing speed and direction for some known point in Massachusetts Bay.

Since it is generally quite difficult to extract tidal current in-
formation from current meter records, a specified surface elevation
will be used for the determination of AO. Specifically, the tidal

range at Boston Light, located just outside Boston Harbor, has been
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determined by the National Ocean Survey (1973) to be 9.0 feet with
a corresponding tidal amplitude of 4.5 feet. This information was
obtained from tide gauge records taken at Boston Light located on

Little Brewster Island shown in Figure 3-A. With the geometry and
coordinate sysgem specified for the one layer model, Boston Light

can be located at x = 10.0 NM, y = 0.0 NM.

Since the reference datum for the surface elevation in the omne
layer model is mean sea level (MSL) it will be the tidal amplitude
with which we are concerned. Thus, using 4.5 feet for n at the
X, y coordinates specified above, Ao can be determined for a particular
geometrical configuration from Equation (2,18). With the determina-
tion of this constant, the current field and surface profile for the
entire Bay can be computed. It should be cautioned that Ao is dis-
crete for only one geometrical configuration. AChanging the depth of
the Bay or the width of the opening demands that Ao be recalculated
regardless of the fact that the same surface elevation is prescribed
at the same location.

The constant Ao actually determines the magnitude of the forcing
function to be applied at the open boundary, across which the tidal
amplitude is considered constant. In the one layer model
the boundary conditions are so chosen that no interaction between the
motion in the bay and that in the ocean is considered. This has
implications where the exciting frequency is close to a resonant
frequency. However, this plays a minor role in the case of tidal

excitation of Mass Bay as will be discussed later (Section 3.3).
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Consequently, by specifying the tidal amplitude at y = Yoo the two
dimensional bay appears to be driven by a wave with the magnitude a
function of Ao‘

The boundary condition, specified at y = Yo for x;, < x< Xy,
is given by Equation (2.12) and derived by considering the mass flux
through the channel opening. An important assumption in determining
this boundary condition is the assumption of %3 or v being constant
over the entire width of the opening. This assumption has previously
been made by Ippen and Goda (1963) and would appear reasonable for
narrow openings. It should be pointed out that the specified value
of %g-over the opening, as given by (2.12), is a function of A .
Since the value of A0 is determined by matching the tidal amplitude
at one point, it is not possible to satisfy the assumed condition of
a constant tidal amplitude across the opening. However, the opening
between X and X, can be divided into increments and, since the
governing equations are linear, the solution for N can be matched at
the center of each increment. This method of solution will be dis-
cussed in detail later in this chapter.

The one layer analytical model for Massachusetts Bay was
computed for a number of variations of the geometrical configuration
presented in Figure 2-B, For the purposes of the model the bay is
assumed rectangular with a length of 59.0 NM represented as X and
a width of 20.0 NM represented by Yor The width of the opening,

given by X, = X and representing the ocean boundary, is assumed to

1
be 41.0 NM while the average depth in the Bay is equal to
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approximately 120 feet.

Although a number of variations were introduced into the geometry
in an attempt to simulate different conditions that could exist, only
three variations will be discussed in this report. The first and most
basic is the configuration presented in Figure 3-B which represents
the geometry specified in the theoretical development of the one layer
model. Initially, by setting N equal to 4.5 feet at Boston Light,
the constant AO can be calculated. The surface profile and current
field in Massachusetts Bay can then be computed with the results
shown in Figure 3-B. Computed at time t = O from Equation (2.18),

N is plotted in feet above mean sea level and corresponding to the
amplitude at high tide. The surface elevation is seen to increase
toward the southern or lower portion of the Bay. The speed and
direction of the tidal current is given in knots during maximum
ebb flow and ié the result of plotting U where, as before,

U=y u2 + vz. As can be seen by their governing equations, thgse

velocities are functions of the surface slopes, é%-and o

3 3y’ and they
are consequently perpendicular to the co-tidal lines. Since the
equations are periodic the surface profile attains a maximum slope
at t = %-+ n %—for n=20,1, 2,..., with maximum velocities occuring
simultaneously over the entire bay.

The model to this point has matched the surface elevation, 1N,
with the boundary condition given by Equation (2.12) at only one
!

5 .

point in the opening, i.e., It is obvious from the results

presented in Figure 3-B that the surface slope between Xy and X,
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does not equal zero and in fact the tidal amplitude varies of
the order 0.40 feet across the opening. Although seemingly insignifi-
cant, this contradicts the physical assumption that n remains constant
across the opening. As mentioned before, a method exists such that
N can be matched at more than one point along y = Yo between Xy and
X, This is possible since the solution for n is obtained from a
linear governing equation. Consequently, by dividing the opening
into a number of sections the effect that one section exerts on the
remaining sections can be computed. The surface elevation for the
center point of each section can then be determined as the effects
from the other sections are additive at that point. Computationally
this requires, for n sections, the solution of n equations with n
unknowns. This allows the surface elevation to be matched at n
points across the opening therefore forcing the surface profile, at
Y =Yg to better approximate the condition of n constant across the
opening.

This method can be applied to the particular situation involving
a partial constriction across the channel between Xy and Xy In
particular, this is introduced in an attempt to model the effect
that Stellwagen Bank exerts on the tidal flow into Massachusetts Bay.
From Figure 1-A it can be seen that Stellwagen Bank is a shoal area
between Cape Ann and Cape Cod where the average depth of the Bank
is approximately 90 feet, although in some areas depths of less than

60 feet occur. Since the possibility exists that the shoal could

form a partial blockage to the tidal flux between the Gulf of Maine
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and Massachusetts Bay, a method to model such an effect was introduced.
This consisted of dividing the channel opening into two smaller chan-
nels separated by an impermeable constriction from x = 16.5 NM to

x = 29.0 NM as shown in Figure 3-C. Representatively, the method of
solution for this problem containing two channels, designated I and

IT, becomes:

a; AI + bI BII =C (3.1A)

arp AI + bII BII =C (3.1B)

where AI and BII are the values of the arbitrary constants for the
two solutions obtained where one of the two openings is considered
open and the other closed. ar and bI can be calculated and reflect
the magnitude of the influence of AI and BII respectively at the

center of one opening and a I and bII reflect the same influence

1
for the second channel. C is the magnitude of the tidal amplitude
that is to be matched at the center points of both channels. From
this, Equations (3.1A) and (3.1B) can be solved for the two un-

known constants A. and B
1 11
The surface profile for this variation of the one layer model
is plotted in Figure 3-C. With an amplitude of 4.5 feet specified
at Boston Light, an increase in the surface elevation of almost 0.20
feet occurs behind the assumed impermeable wall separating the two
openings. This result casts some doubt on the validity of this

particular model, which will be discussed later (Section 3.3), and

velocities are therefore not shown.
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The third variation of the one layer model is similar to the
model previously discussed with a full opening between X = 0.0 NM

and X, = 41.0 NM. Although the channel width is again 41.0 NM, the
difference occurs in the treatment of the opening and the corresponding
matched conditions. Here the channel is divided into four increments
which, for reasons previously discussed, allows a better approximation
of the boundary condition that N be constant across the opening,

since a relatively flat surface profile, at y = Yoo is produced for
each of the 10.25 NM increments. The method of solution discussed

in the Stellwagen Bank model was employed and resulted in four
equations and four unknowns with the matching point for n occuring

in the center of each increment.

Results of this model are plotted in Figure 3~D and show the
surface profile across the opening much more horizontal, and
consequently more representative of our assumed boundary condition, than
that given by the situation where n is matched at only one point.
Obviously, dividing the channel into increments is advantageous since
the boundary conditions are better satisfied. However, for a large
number of channel increments, the solution becomes tedious to evaluate
since the solution will consist of the summation of n infinite series
where n is the number of chénnel subdivisions.

It should be noted that although the value of g%—(v) is specified
constant across each incremental opening, it was not impésed that
%g—be the same for ail increments. The solution, however, clearly

shows that gs-(v) is essentially the same for all increments, except
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for a region close to the tip of Cape Cod, where deviations can
be expected.

Alternate to an analytical solution, the hydrodynamic equations
for the transient response of water bodies to tidal excitation can
be solved by numerical methods. 1In particular, the finite element
model has been applied to many problems in coastal and ocean
engineering. Conner and Wang (1973) have recently applied such a
model to the configuration of Massachusetts Bay. The model is re-
stricted to vertically well mixed two dimensional flow and can in-
corporate both irregular geometry and variable depth. The numerical
model employs triangular elements of varying dimensions and was
first applied to a simple geometry identical to that for which
results of the analytical model have been presented.

The surface profile and velocities are computed for the finite
element model such that the results can be compared directly to the
one layer analytical model. The numerical model is shown in Figure
3-E and neglects bottom friction, eddy viscosity, and Coriolis
effects. Results for the numerical model compare favorably with those
given by the analytical solution shown in Figures 3-B and 3-D. It
can be seen that only small differences exist and these are partially
explainable since the boundary conditions along the ocean opening are
treated differently in the two models. The analytical model satisfies
the boundary elevation criteria at discrete points (one for the case
presented in Figure 3-B and four for the results given by Figure 3-D)

whereas the numerical model satisfies the condition of constant
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amplitude across the opening exactly. Comparison of the results

of the analytical solution with those from the numerical model serve
to demonstrate the close agreement between the two approaches and one
of the reasons for developing the analytical one layer model was in
fact to furnish Conner and Wang (1973) with a particular solution
which could be used to test their numerical schemes.

3.1.2 Number of Terms Required in .the Determination of n

The solution for n, given by Equation (2.18) and the solution
for u and v, given respectively by Equations (2.5A) and (2.5B), were
programmed on the Hewlett-Packard 2114B digital computer, allowing
rapid computation of the surface profile and currents for the one
layer model. It is important to note that the solution for N contains
a summation for n = 1 to ». A test for convergence of the summation
and the number of terms required was of primary concern. Results
clearly indicated that convergence was achieved by n = 25 although
all computations for the one layer model were carried to n = 100.

3.2 Data Available for Comparison

Verification of the results of the one layer model, especially
the predicted surface profiles, requires field information on the
variation in tidal range over the Bay. Tide data taken by the National
Ocean Survey (1973) in Massachusetts Bay has provided this information
and has allowed the determination of the differences in tidal amplitude
and surface slope. With Boston Light as the reference point, Figure
3-A shows the differences in tidal amplitude for selected locations

around the Bay perimeter.
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The information can be directly compared with the results of the
one layer analytical model. The surface profile shown in Figures 3-B

and 3-D, where the channel between x, and x, is completely open,

1 2

produces some interesting facts when compared with field observations.
Both models appear somewhat conservative in predicting the longitudinal
slope from one end of the Bay to the other. Interestingly, the model
with a one increment channel, shown in Figure 3-B, best approximates
the surface slope computed from the tidal records in Cape Cod Bay.

When comparing the surface elevation at specific locations, it can be
seen that the four increment channel gives a close comparison at Race
Point and Provincetown while the one increment case compares favorably
at Gurnet Point and in the Gloucester Area.

Information on tidal currents around the Bay also allows a
qualitative comparison of the model results with field data. Current
observations taken by Butman (1971) confirm that velocities are of
the same order of magnitude as those predicted by the model. However,
these predicted results of velocities may be somewhat affected by the
neglect of Coriolis force and the comparison can only be considered

qualitative.

3.3 Discussion of the Model Results

The results of the one layer model for tidal amplitudes, when
compared with available field information, are certainly acceptable for
many situations, in spite of the many simplifying assumétions made in
the development of the model and its application. Some of these

assumptions will be discussed in the following.
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One of the terms neglected during the development of the governing
equations was the effect of friction on the tidal motion. As mentioned
previously, the bottom shear stress, T, » Creates a tidal phase lag
from one part of the Bay to another. However, it can be seen from the
National Ocean-Survey Tide Tables (1973) that phase differences between
the north and south end of Massachusetts Bay are small and, at high
tide, average only about 10 minutes. Consequently, the neglect of
friction seems appropriate for the physical situation considered.

Another important consideration is the possibility of resonant
oscillations occurring as a result of the tidal forces. For an analysis
of wave induced oscillations in harbors by Ippen and Goda (1963), the
resonant characteristics of simple geometrical configurations has
been determined. Applying their work on the frequency response of
asymetric harbors to the configuration assumed for Massachusetts Bay,
where the tidal wave length is of the order 456.0 NM, since L = Tvgh,
the following can be concluded: (1) No resonant oscillations occur
in Massachusetts Bay as a result of tidal excitation, since even the
first resonant moede cannot be excited and (2) A wave length of less
than 300 NM would be required to excite the first harmonic.

Figure 1-A shows that in the southern portion of Massachusetts
Bay, more properly called Cape Cod Bay, gradual shoaling exists from
approximately 13.0 NM offshore to the shoreline along the lower end
of the Bay. The possibility exists that an additional increase in
tidal range could occur in this area as the situation is quite analogous

to a progressive two dimensional reflecting wave from a gently sloping
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beach. That the tidal wave in the southern part of the Bay may be
regarded approximately as a two dimensional standing wave in the x-
direction is evident from the results given in, for example, Figure
3-D. This problem was treated by Doret and Madsen (1972) and usiﬁg
their results an increase in tidal amplitude, due to the shoaling at
the lower end of the Bay, may be estimated to be of the order 0.06
ft., which is insignificant although giving a closer agreement between
predicted and observed tidal amplitudes in this part of the Bay.

The variation simulating the effect of Stellwagen Bank on the
tidal motion of Massachusetts Bay, although producing some interesting
results, exhibits an increase in tidal amplitude behind the assumed
barrier. Since the average depth of the shoal is only about 30 feet
less than the average depth of the Bay, the effect of this increase
in surface elevation will result in a considerable amount of volume
exchange taking place over the shoal. This is not consistent with our
assumption of an impermeable barrier, and conseguently this model is
discarded.

Certain known phenomena occurring in Massachusetts Bay contribute
to some of the differences seen between the analytical results and
field data. One of these is the body of water contained within the
area surrounding Boston Harbor. This is a relatively shallow basin
that most surely influences the hydrodynamics of the Bay, especially
since it is the discharge point for three rivers in the Boston area.
Additionally, the Cape Cod Canal, which forms an artery between

Massachusetts Bay and Buzzards Bay 15 NM to the southwest, has a strong
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effect on N as can be seen in Figure 3-A. A 0.5 foot discrepency
exists between the model results and the observed tidal height at the
entrance to the Canal. Obviously, the fact that a phase lag of
approximately 2.5 hours between the two Bays contributes to this
discrepency. - These features should of course be simulated in a

more sophisticated model.

In spite of the many assumptions involved, the one layer model
seems quite representative of the physical situation observed in
Massachusetts Bay as was seen from the results presented in Section
3.1.1. Comparison of the analytical results with tide data especially
demonstrates the predictability of the model with a fully open
channel between %y and Xy. Although the surface profile given by the
four increment channel in Figure 3-D better satisfies the imposed
boundary conditions than that given by the one increment situation in
Figure 3-B, the goodness of one variation over the other, when com-
pared to field information, is difficult to assess. The tidal velocities
given by the model are less reliable than the surface elevations but
may produce an overview of the current field that can be expected in
the Bay. Thus, keeping the desired simplicity of the model in mind,
we conclude that results of the one layer model, with just one opening
considered in its entirety, gives a resonable description of the tidal

motion in Massachusetts Bay.
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CHAPTER IV
RESULTS OF THE TWO LAYER MODEL

The two layer analytical model, as mentioned previously, was
developed in response to the pﬁysical characteristics encountered in
Massachusetts Bay during the spring, summer, and fall. Oceanographic
observations since 1925 at the Boston Lightship, as reported by the
U. S. Department of the Interior (1959), show that the thermocline
generally forms in May and overturns in September and October. Thus,
stratification due to the variation in both temperature and salinity
prevails for approximately six months out of the year.

Although the thermocline is quite variable in depth, historical
data taken at Boston Lightship locates the average depth of the
interface 30 feet below the surface. Water depth at the Lightship,
which is approximately six nautical miles east of the entrance to
Boston Harbor, is 100 feet at mean low water. (It should be noted
that the Lightship, not to be confused with Boston Light, was moved
to a new location on July 1, 1973. All references to Boston Lightship
in this report are for its previous position of 42°20.4' N, 70°45.5' W).

4.1 Computational Considerations

4.1.1 Results of the Two Layer Model

The stratified case was developed as a simple model with the
capability of determining velocities and elevations in both layers.
Derivation of the governing equations for the stratified model

parallels the theoretical development of the one layer model such
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that the solutions for all velocities and the interface elevation nl
are specified in terms of the surface elevation nz.

The general solution for Nys given by Equation (2.30), is a
function of the constants An and Bn and it can be shown that A0
essentially gdverns the surface profile while the motion of the inter-
face is governed essentially by Bo.By setting Bo equal to zero, in

Equation (2.30),n2 takes the form:

@©

Ny = Ao cos m_ y + E An cos kn x cosh my

1 n=1 1
N-1 %
+ 2 B cosk xcoshm y+ 2 B cos k xcoshm y
n n n n n n
n=1 2 n=N 2

(4.1)
and it can be shown by calculation that the summation of the terms
containing Bn for n > 0 is small compared to the summation of the
terms containing An's.

The solution for B_ equal to zero shows that n, closely
approximates the solution for n in the one layer model. Thus, we
identify the constant AO as the one essentially governing the surface
elevations whereas the value of the constant Bo is reflected in the
interface elevationms.

The procedure for solving for the constants Ao and B0 contained
in the general solution for Nys Equation (2.30), is discussed in
Chapter II and is similar to the method for determining AO in the

one layer model. For the stratified case, both a surface amplitude

relative to mean sea level (MSL) and an interfacial amplitude
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relative to the mean interfacial level must be specified at some point
within the Bay. Alternatively, current velocities could be specified
in each of the two layers although, as explained in the preceeding
chapter, this data is often difficult to interpret from current
records. With information on the surface and interface the two
constants can be determined either through an iterative process or
directly by rearrangement of the equations given representatively

by (2.35A) and (2.35B).

Oceanographic data in the form of vertical profiles of
temperature and salinity in Massachusetts Bay have been taken by
various agencies and institutions. Unfortunately it is difficult
to determine, with any degree of accuracy, the amplitude of the
interface for a given location as the variation of temperature
representing the thermocline is not discrete but varies rapidly in
the vertical direction over a distance of as much as ten feet. As
a result, unlike the information on the surface profile which is
fairly well documented, the amplitude of the interface was specified
arbitrarily at a certain location to allow for the determination of
the two constants in Equation (2.30). Choosing the coordinates of
x = 10.0 NM, y = 5.0 NM, the surface elevation, from the results of
the one layer model, has been found to be of the order 4.5 feet.

It is reasonable to assume that, for an h, of 20 feet, the amplitude

2
of the interface is approximately 5/6 the amplitude of the surface

wave. Consequently, n, was chosen as 3.5 feet at this location.
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With this information, the constants Ao and B0 can be computed
for the two layer model. Through the solutions for the velocities
and elevations given in the theoretical development, the surface
and interfacial profiles and currents can be computed for Massachusetts
Bay. The geometry of the stratified model is the same as that

= 0.0 NM and x, = 41.0 NM.

assumed for the one layer case where Xy 2

Results of the one layer model indicate that the fully open channel
with no constrictions gave a fair representation of the physical
situation and consequently only this configuration will be considered
for the two layer model.

The solutions for the amplitude and velocities, as in the one
layer model, contain summations for mn = 1 to . Although convergence
in this model was obtained by n = 50, the large number of computations
required that the equations be solved on the IBM 370/155 computer
located at M.I.T. A listing of this computer program, written in
Fortran, can be found in Appendix A.

Results of the two layer analytical model can now be determined
for a particular situation similar to that frequently found in
Massachusetts Bay. Taken from actual field observations, the
following parameters were first specified as input into the model.

hl = 100 feet, h, = 20 feet, Py = 1.02558 g/cm3, Py = 1.02250 g/cmB.

2
By additionally setting nl = 3.5 feet and n2 = 4.5 feet at x = 10.0 NM,
y = 5.0 NM, the interface and surface amplitudes can be computed by
respectively Equations (2.23) and (2.30) with the resulting profiles

shown in Figure 4-A. It can be seen that the surface profile is quite
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similar to that given by the one layer model (Figure 3-B) with the
same geometrical configuration. Although the surface amplitude of
4.5 feet is specified at a slightly different location than in the
one layer situation, the surface slope compares favorably with the
model results aﬁd observational data previously presented. The
surface profiles were smoothed slightly as small perturbations
occurring in the contour lines were neglectéd.

From Figure 4-A it can be seen that the interfacial profile
predicted for the two layer model exhibits some rather interesting
and unusual results. Measured relative to the mean interfacial
level, hl’ this particular model shows the interface oscillating
vertically from - 2.0 feet to + 15.0 feet with a wave length of the
order 11.0 nautical miles. Since the solution for nl is periodic,
the model resultingly predicts a standing wave which, at high tide,
rises to within 10 feet of the free surface.

Velocities for this particular case are shown in Figuré 4-B,
The velocities are specified in terms of x and y derivatives of n,
and consequently the surface profile determines the magnitude and
direction of both U, and U,. By the nature of the equatioms for u

1 2
and Vo given respectively by Equations (2.22A) and (2.22B), the

2

currents predicted in the upper layer are always perpendicular to the
lines of constant surface amplitude with the velocity a function of
the existing surface slope. The currents in the lower layer are
specified as a function of both the first and third derivatives of

Ny- It will be noticed that the magnitude of Ul is greater than that
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of U2 at some positions in the model; at other locations the reverse
is true. Of greater importance is the prediction that the directions
of the currents in the two layers do not coincide.

The two layer analytical model was changed slightly and the
amplitudes and velocities were computed for a second set of cir-
cumstances. The geometrical configuration remained the same; however,
the difference in density between the two layers was increased
slightly from the 0.3 per cent, given in the first set of results, to
0.5 per cent. The new densities were specified as Py = 1.0050 g/cm3
and Py = 1.000 g/cm3. In addition, the depth of the interface was
increased by 20 feet such that hl = 80.0 feet and h2 = 40.0 feet. The
surface and the interfacial amplitudes were again specified at x =

10.0 NM, y = 5.0 NM under the same set of assumptions as discussed

earlier. Thus, again by setting Ny = 4.5 feet it is reasonable to
h1+h2 2
these conditions the stratified model was again solved for the area

assume the amplitude of the interface as ( or 3.0 feet. TFor
of Massachusetts Bay.

The surface and interfacial profiles for this model are shown
in Figure 4-C. Obviously, much more activity exists here than in
the previously discussed case. The surface profile, in this extreme
case, reflects the influence of the interfacial waves. Close examina-
tion of the results of Figure 4-C as compared with Figure 3-B reveal
the fact that the surface is lower, relatively, over an interfacial
crest and higher over an interfacial trough. This serves to demon-

strate the dependence of n, onnmn, as discussed in the theoretical
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development of the two layer model. The interface exhibits some
exceedingly large waves with a height of the order 50 feet and a
wave length of approximately 24.0 NM.

The velocities in the upper and lower layer for this particular
situation are given in Figure 4-D. Of primary importance in the
results is the fact that, with large vertical displacements of the
interface, currents in the two layers are quite variable and, at
some positions, almost opposing each other. The currents in the
vicinity of the boundaries are also unusual by the fact that, at
some locations, on the ebbing (outgoing) tide, which is shown, they
flow towards the walls and away from the channel opening in the
upper layer. Resultingly, the interface and surface profiles and
speed and direction of the currents are extremely variable and
physically difficult to determine since the various parameters appear
to be quite sensitive to position. This is in qualitative agreement
with available field observations to be presented later in this
chapter, which indicate that, to a degree, this condition persists.

4.1.2 Model Sensitivity

The two layer analytical model was computed for a number of
geometrical configurations and physical conditions in an attempt to
check the sensitivity of the solution. As seen by the amplitudes and
velocities predicted for the two cases just discussed, the model is
very sensitive to changes in the interfacial depth and /or changes
in density. Consequently, an attempt to quantify the importance of
these and other variables has been completed through a sensitivity

analysis. The results are presented herein.
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The two constants AO and Bo that were required in the general
solution for n, shall be first discussed. As pointed out in Section
4.1.1, the constants are generally determined through the applica-
tion of field data prior to their introduction into Equation (2.30).
Also noted was the fact that the value of A0 primarily governs the
surface profile, Ny s while the value of B0 is the determining factor
in the shape of the interface, ny - In checking the sensitivity of
the two, it was found that by varying the constant A0 the surface
and interface reacted by the same order of magnitude while:a small
change in the constant Bo brought almost no change to the surface
profile although creating interfacial disturbances of significantly
different magnitudes. Thus, it can be concluded that, in determining
the value of Bo’ the initial conditions specified for the interface
must be chosen carefully and as precisely as possible. The following
clearly demonstrates the situation and the sensitivity of the

interface to Bo:

Constant Conditions: h1 = 80.0 ft. Py = 1.0050 g/cm3
h, = 40.0 ft. p, = 1.0000 g/cm’
Specified Elevations Resulting Maximum Interfacial
@ x = 10.0 NM, y = 5.0 N\M Constants Wave Height
n, (ft.) n,(ft.) A B, H,(ft.)
3.0 4.5 4,684 -0.00790 50
3.5 4.5 4.685 ~-0.00491 28
4.32 4.5 4.670 0.0 7

Table 4-1: Sensitivity of BO to the Choice of Interfacial Amplitude
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As a consequence of the large interfacial variations shown in
the results of the two layer model and in view of the above informa-
tion concerning the constants Ao and Bo’ it is apparent that the
model is very sensitive to the location at which Ny is initially
specified. 1In the two cases presented for the two layer model,
both the surface and interfacial amplitude were specified at the
coordinates x = 10.0 NM, y = 5.0 NM. From Figure 4~A and Figure 4-C
it can be seen that this position is approximately mid-way between
the trough and the crest of the interfacial standing wave. Obviously
then small changes in the interfacial wave amplitude at this point
will force the solution for nl to predict relatively large vertical
displacements in the areas of the troughs and crests. Clearly, the
solution to this problem is to first determine, for a particular set
of conditions, the locations of the 'highs' and the 'lows' of the
interfacial waves. This information can be used in the choice of
location where the value of ny and Ny should be measured in order to
give the best possible resolution such that the model will give
reasonable results and an interfacial wave the least sensitive to
errors in the measurements.

Variation of the geometrical configuration, especially that
of the length scale, was an additional criteria which could produce
changes in the results. The average length, X of the Bay was
assumed to be of the order 59.0 NM and all the results ﬁresented were
computed on this basis. To assure that the solution was not sen-

sitive or that no unusual conditions existed in the particular

—66-



configuration, the two layer analytical model was run for a number
of different lengths. The most important aspect of this analysis
was that the results generally indicated that the amplitude and
length would be of the same order of magnitude and that, for all
practical purposes, a small change in the value of X, would produce
no unusual results.

Results of density variations have already been indicated by
the two cases discussed in Section 4.1.1. The sensitivity of the
solution to changes in density are quite pronounced again affecting
primarily the profile of the interface. As previously mentioned,
the average difference in density found in Massachusetts Bay between
the upper and lower layer during stratification is of the order 0.3
per cent. That condition was presented by Figures 4-A and 4-B with
the second set of results, Figures 4-C and 4-D, showing Ap of the
extreme value of 0.5 per cent. Differences between the two sets
of results cannot be attributed only to the change in Ap since some

influence is possible due to the variation of h., and h2.

1
The last set of parameters which merit discussion are the values

of hl and h2. With hl representing the thickness of the lower layer

and h2 the thickness of the upper layer, the sum of the two was

always equal to 120 feet, the average depth of Massachusetts Bay.

Sensitivity of the solution to variations in hl and h2 was checked

in a number of cases with the result that by increasing the value of

h1 the interfacial amplitude decreased as did the interfacial wave

length.
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From (2.20B) it is clear that the influence of changing Ap

and the relative magnitude of hl and h, are related, in that they

2

combine to give the wave number m . To illustrate the variations with
2
the various parameters, the velocities at selected points are

presented in Figure 4-E.
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Figure 4-E: Velocity Variations as a Function of h1 and h2
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Most of the discussion concerning the sensitiyity of the model
to various parameters has been discussed in terms of the changes
occurring in the interface. However, the surface profile and vel-
ocities in the two layers also exhibit variation as shown in Figure
4-E, although relatively minor, when changes occur in the geometry
or in the specified conditions. By far though the most significant
example of sensitivity in the model is exhibited by the interface
and its reaction to variation of the imput parameters.

4,2 Available Data for Comparison

Results of the two layer analytical model can be compared with
available field observations for the Massachusetts Bay area. The
field data consists mainly of information on the surface profile,
temporal and spatial measurements of the temperature and salinity
structure, and current drogue measurements. A large number of
oceanographic observations have been collected in the Bay by various
agencies and institutions during the summer months and the data
presented here gives a good overview of the condition present during
stratification.

Data compiled in the National Ocean Survey Tide Tables (1973)
is used for a comparison with the surface amplitude predicted by
the two layer model. This information is taken from observational
records at various locations around the Bay perimeter as shown in
Figure 3-A.

The vertical structure of temperature over the water column

has been one of the most widely studied oceanographic phenomena for
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many decades. Temperature observations at Boston Lightship have been
taken on a daily basis since 1925 and have afforded many insights

into the thermal conditions in Massachusetts Bay. Thus far, the level
of the interface has been generally considered a function of the
thermocline although this is not strictly true since the variation

of salinity also affects the density of sea water. Consequently,

with the advent of the newer oceanographic instrumentation, in par-
ticular the CTD (Conductivity, Temperature, and Depth), salinity

along with temperature can be determined allowing the calculation of

a true density profile for each station recorded. Although the
thermocline and density gradient normally coincide, neither is discrete
but occur as a gradual variation over relatively large vertical dis-
tances. Hence, it is &ifficult to determine, with any precision,

the exact depth of the interface and to detect small perturbations
that may occur at this level.

As an example of this problem, a sample C.T.D. cast, taken
in the vicinity of Boston Lightship, is shown in Figure 4~F. For-
tunately though the model predicts relatively large vertical variations
of nl and consequently the data presented herein will attempt to
verify, qualitatively, some of the conditions that may exist.
Oceanographic observations from a buoy located in Stellwagen

Basin, approximately 5.5 NM west of Stellwagen Bank, were taken by
Halpern in July and August, 1966. Vertical observations of temperature
were collected at the position 42°16.5' N, 70°24.5' W for a total of

5 days with the result that the temporal variation of the thermocline
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was well documented at this point of space for a period of time.
Halpern reported his observations in a paper on the short-period
internal waves in Massachusetts Bay (Halpern, 1971a) and again

in a discussion of semidurnal internal tides in Massachusetts Bay
(Halpern, 1971b). Concerned primarily with the vertical movement of
the thermocline, no information on salinity was obtained and con-
sequently temperature measurements will serve as the primary indicator
for the degree and depth of stratification.

Halpern's data locates the average depth of the thermocline
approximately 40 feet below the surface with a semidurnal variation
of temperature at this depth of approximately 11°F. The most
interesting information concerns the vertical displacement of the
thermocline, or for our purpose, the interface, with the result that
the amplitude of the interfacial wave is of the order 15 feet. Clearly,
this is of great interest since the model predicts a periodic motion
of a similar magnitude. Although the motion of the interface, from
Halpern's observations, is not a purely sinusoidal function, the
possibility exists that this is the result of non-linear effects
associated with water spilling over Stellwagen Bank on the flooding
tide which are also responsible for generation of short period
internal waves. However, for our purposes, the information serves
to qualitatively confirm some of the predictions given by the two
layer model.

A second set of measurements, spatial in nature, are presented

to further verify the motion of the interface. In particular,
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oceanographic observations, using the C.T.D., have been taken by M.I.T.
under the Massachusetts Bay Sea Grant Program. This data has been
collected aboard the research vessels R.R. Shrock and Walter E. Phipps
allowing a quick on-board deterﬁination of the temperature and salinity
structure at each station. Almost 20 of these C.T.D. profiles were
taken in the Bay on a chemistry cruise conducted on July 25 and 26,
1973. Resultingly, the depth of the interface was determined at a
number of locations approximately 5.0 NM apart. The observations used
for comparison, although not entirely synoptic, were taken as close to
the time predicted for low tide as possible in order to reduce the
effects of periodic motion. The 45°F isotherm was used for the depth
of the thermocline since it was the temperature at which the largest
density gradient occurred. Using this temperature as the indicator for

the interface, the results of three of these C.T.D. stations are

presented.
C.T.D. Stations - July 26, 1973
Low Tide (NOS Tide Tables) 1432 EDT
Station Time Position x &y (NM Water Depth (Ft.) of
Number (EDT) Lat. & Long. Coordinates Depth (Ft.) 4&5°F Isotherm
14 1300 42°05.8' N x = 32.0 135 27
70°31.3' Wy = 6.0
15 1340 42°09.8' N x = 28.0 146 43
70°31.2' W y = 8.0
16 1430 42°14.,0' N x = 22,0 103 26
70°37.0' W vy = 6.0

Table 4-2: Observed Spatial Variation in Depth
of Interface below the Surface
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These stations, located along the western side of Massachusetts
Bay close to the 120 foot contour, point to the fact that vertical
variations of the order 17.0 feet occur in the intsrface over a
horizontal distance of approximately 5.0 NM. Obviously this in-
formation supports the fact that relatively large interfacial waves
can be found in the Bay as predicted by the two layer model and
shown in Figure 4-A and 4-C.

Information on the currents in Massachusetts Bay, occurring
during stratification, has also been collected by M.I.T. These
studies were generally completed through the use of drogues or
drifters that employed a large subsurface vane set at a preselected
depth and sﬁspended from a relatively small surface float. During
stratification, the depth of the vanes was normally determined as a
function of the level of the interface with one set of vanes placed
in the upper layer and a second set in the lower layer. By following
the path of the surface floats the speed and direction of the currents
could be computed for the two depths. With this information some
idea of the velocity profile could be determined as well as the
variability in speed and direction of the two layers.

One such current study was conducted on July 27, 1972 aboard
the M.I.T. research vessel R.R. Shrock. Through the C.T.D. casts
taken on this cruise, one of which is shown in Figure 4-F, the depth
of the thermocline was estimated at approximately 20.0 feet. Average
densities for the two layers were computed from the temperature and
salinity information with the result that P =~ 1.02558 g/cm3 and
p2 ~ 1.02250 g/cm3. It should be noted that these were the conditions
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specified in the two layer model shown by Figures 4-A and 4-B.
Results of this current drogue study are given in Figure 4-G and

it can be seen that the drogue depths were selected so as to be
representative of the conditions existing in the two layers. Shown
are the directions and velocities of the currents for a seven hour
duration taken during an ebbing tide from high to low water. It

can be seen that for approximately half of the duration the drogues
in the upper layer proceeded southwesterly while those in layer one
moved more in a southerly direction and at a slower velocity.

During this time the Bay was considered to be in a steady state
condition since a 5 to 10 knot wind had been blowing from the north-
east for the past 18 hours. However, at approximately the mid-point
of the observations, the wind shifted to the southeast 5 to 10 knots
and continued in that direction for the remainder of the day. At
this time it can be seen that the drogues changed direction such that
the surface layer reacted directly to the wind stress. The lower
layer apparently also reacted by moving in a northeasterly direction
which is to be expected if the interface was forced down as a result
of the thickness of the surface layer increasing due to the wind
setup. It is the steady state condition for which model predictions
of the currents in the two layers can be made. Consequently it is the
first half of the drogue observations that is of interest for com-
parison with the model results as will be discussed in the next
section. However, the results point out the great importance of

wind driven currents. The last field data to be considered will be
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that taken during a second drogue study conducted for M.I.T. on

July 31, 1972. Although the C.T.D. was inoperable this particular
day, it can be assumed that approximately the same density conditions
and interfacial depth exist as were recorded from the study completed
on July 27. Again the Bay can be assumed in steady state since the
wind, for the past 18 hours, was generally from the south at 5 to

10 knots. Only a slight wind shift to the southwest was observed
during the drogue observations and this was considered to have a
negligible effect on the currents.

Results of this study are shown in Figure 4-H where the ob-
servations were taken from low to high tide during the flooding
situation. Although the currents in the lower layer maintained a
relatively constant speed and direction, the upper layer revealed a
slow change in direction swinging from almost east to around to
south~-southwest. The important consideration in these observations
is that, for most of the time, there is an angular difference between
the currents in the two layers. In addition, both drogue studies
show that, it is indeed observed that, the currents in the upper
layer can proceed in a direction quite different from that normally
expected during either a flooding or ebbing tide if only a one layer
model is considered.

4.3 Discussion of the Model Results

The need to include the effect of a two layer model has been
seen by the conditions existing in Massachusetts Bay during the

summer months. The results of this model have been shown and can now
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be compared with field observations of both currents and elevations.
However, the comparisons will generally show agreement only in a
qualitative sense since the interface separating the two layers in

the Bay is rarely well defined and generally can only be determined
within certain limits. This uncertainty is reflected in our arbitrary
choice of specifying the interfacial amplitude at x = 10 NM, y =

5 NM. Consequently the comparisons will be qualitative in nature

but will serve to demonstrate the ability of the two layer model

to explain some of the conditions that have been observed in
Massachusetts Bay.

The results of the surface and interfacial profiles will be
compared first with the available field data. Similar to the profile
for n given in the one layer model for a fully open channel, Figure
3-B, the surface profile shown in Figure 4-A compares quite closely
with the observed tidal amplitudes around the Bay. The surface
profile given in Figure 4-C does not, in the details, compare as well
with the results of the one layer model presented in Figure 3-B.
Thus, the large interfacial waves result in a significant variation
in the surface contours. This large difference in surface contours
is, however, not of great significance when considering the fact that
the contours are drawn for intervals of 0.1 feet. Thus, in terms of
actual surface elevation, the predictions are not drastically different
between the one and two layer models.

The interfacial profile, given by the solution for Ny exhibits

the most dramatic and somewhat unexpected characterictics. The
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results shown in Figures 4-A and 4-B are the amplitude and velocities
predicted for the same densities and interfacial depth as observed

in Massachusetts Bay during the current drogue study of July 27, 1972.
Resultingly the predicted interfacial profile is considered to be
fairly representative of the physical situation that could exist.
However, due to instrument problems, only a limited number of C.T.D.
casts were taken during the drogue study. Consequently, the model
predictions will be compared with vertical observations taken by
Halpern in Stellwagen Basin and by the M.I.T. C.T.D. stations of

July, 1973.

The total vertical variation of the thermocline, as observed
by Halperh, was of the order of 30 feet giving an interfacial
amplitude of approximately 15 feet. Comparing this value with
the results in Figure 4-A shows that the order of magnitude is
certainly reasonable since the model also predicts an ”1 of 15 feet.
In fact, considering the sensitivity of the model to changes in h2
and without further knowledge of the conditions surrounding Halpern's
data, the prediction for N, can actually be considered reasonably
good.

The information obtained from the C.T.D. casts, taken by
M.I.T. in July, 1973, verify the fact that interfacial waves exist
in Massachusetts Bay. This data was synoptic in the sense that it
was taken as close to low tide as possible when hopefully slack con-
ditions existed. Unfortunately, the. actual wave length, Ll’ of the
interface could not be computed from the limited field data taken

although the model predicts an L1 of the order 11.0 NM as seen in
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Figure 4-A. 1t should be mentioned that a similar condition has

been noted and discussed by other investigators under the subject of
internal waves. It is obvious that the interfacial waves, qualitative-
ly, predicted by the two layer ﬁodel, are evidenced both by Halpern's
data and M.I.T.'s C.T.D. casts.

Currents predicted in the two layers can be compared directly
with current drogue observations shown in Figures 4-G and 4-H. As
previously mentioned, the first set of results presented for the
stratified model are determined for the same conditions as observed
in the field during the drogue studies. These results are presented
in expanded form in Figure 4~I and show the variability that can
be expected in the currents along the boundary in Massachusetts Bay.
It is important to note that the two drogue studies were also
completed close to the Boston Lightship and the western edge of the
Bay in a location, as shown by the predicted results in Figure 4-I,
where currents vary drastically with location and are predicted to
flow shoreward during an ebbing tide and seaward during the flood
in the upper layer. Although the model results do not predict the
exact direction given by the drogues, due probably to the effects of
Boston Harbor and thé surrounding geometry in addition to the
neglect of Coriolis force, it is obvious that the model shows that
a large difference in current directions is possible during stratifi-
cation in this area. This is in qualitative agreement with observa-

tions as shown in Figures 4-G and 4-H.
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In addition to showing an angular difference in the current
direction in the two layers, it demonstrates the sensitivity of the
observations to location, especially when close to the boundary.

From the results of the two layer model shown in Figure 4-I, an angular
change of up to '180° in the current direction in the upper layer can

be observed over a distance of only a few miles in the Bay
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CHAPTER V
CONCLUDING REMARKS

Two analytical models have been derived for a geometrical
configuration similar to that of Massachusetts Bay. A simplistic
approach was taken in the theoretical development of the models by depth
averaging the linear long wave equations in two dimensions. By neglect-
ing Coriolis force, bottom friction, and wind stress the models were
able to represent the tidal circulation for both the uniformly well
mixed and stratified case and to explain qualitatively some of the
conditions encountered during field observations. Results of the two
models were presented for a number of geometrical variations and
physical conditions and compared with various types of field observations
for verification of the model predictions.

The one layer model, representing the situation generally found
during the winter, was discussed first a;d compared with tidal data and
current observations. Comparison of the results of the model with tide
gauge observations demonstrated the ability of the model to predict,
quite closely, the surface'profile for Massachusetts Bay. Velocities
of the tidal currents also compared favorably with field data in a
qualitative sense, and generally were the same order of magnitude.
Current direction was the most difficult to verify as current meter
records were often quite variable in this respect showing the effects

of localized conditions.
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Results of the two layer analytical model were considered more
revealing in the sense that insight was gained into the conditions
present during stratification. These results were compared with various
types of field observations in an attempt to verify qualitatively the
significance of using a two layer model to predict interface and surface
profiles and currents. Reasonably good agreement was found when
comparing the predicted surface profile with the observed tidal
amplitudes. Differences between the predicted tidal amplitudes of the
one layer model are minor and the differences between the two models
and the observed tidal amplitudes can be attributed to the effects of
Boston Harbor, the Cape Cod Canal, and the sloping bottom of the lower
BRay.

Comparisons of the interfacial profile and current velocities
predicted by the model with available field data are generally more
qualitative since the physical conditions, especially the depth of the
interface as well as the amplitude of the interfacial wave, that govern
the solution cannot be determined very accurately. However, observa-
tions by both Halpern and M.I.T. verify the existance of interfacial
waves and show the amplitude of the same order of magnitude as that
predicted by the two layer model.

Currents predicted by the model were the most difficult to verify
by field measurements since the physical observations clearly exhibit
a high degree of variability over the tidal cycle. The drogue studies
were apparently subject to variations due to relatively small changes

in wind direction and, in the area surveyed, the observations are
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probably affected by the flux in and out of Boston Harbor. In view

of these existing conditions only a qualitative comparison can be made.
This comparison however shows that the velocities predicted by the
model are within the order of magnitude of those measured in Massa-
chusetts Bay, also the observed curiosity of having shoreward current
in the upper layer during an ebbing tide is made plausible by a similar
prediction by the two layer model.

The two layer analytical model has clearly demonstrated its ability
to explain qualitatively observed phenomena as well as giving an insight
into conditions that are not readily apparent. Although it represents
a highly simplified approach to a rather compléx physical problem, it
produces useful information on Massachusetts Bay and can assist the
coastal engineer in solving problems related to the ocean environment.

Obviously, the development of more sophisticated one and two layer
models would be advantageous. It was shown in the theoretical
development that Coriolis force exerts some influence and from comparing
model results with field data it can be seen that including Boston
Harbor, the Cape Cod Canal, and introducing a wind stress would more
realistically describe the physical conditions. However, the objective
was to develop a simple analytical model of Massachusetts Bay and
thereby demonstrate that if current predictions are desired one should
indeed have a two layer model. This goal has been achjeved in the
qualitative agreement of predicted and observed phenomena in

Massachusetts Bay.
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APPENDIX A
LISTING OF THE PROGRAM USED FOR THE

COMPUTATIONS PRESENTED IN CHAPTER 1V

The program used for the computation of the solution for the
two layer model is presented along with a sample of the output. The

"comment cards" should make the program self-explainatory.
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TwO LAYER MOLEL CF MASSACHUSETTS BAY

SIMPLE RECTANGULAR GECMETRY, CPENING ALONG ONE SIDE FROM X1 TO X2
AVERAGE BAY DEPTH ASSUMED TO BE 120 FEET

FRUGRAM (CMPUTES AMPLITUDES AND VELOCITIES FOR TWO LAYER FLOW
REAL Ky M1, M2, MCly MCZ, MNl, MN2

CIMENSICN K{1C0), A(L1CC)y B(1CC)

SPECIFY BAY CCNDITIONS (RHOLl, RKG2, Hl, H2) CON NEXT FOUR CARDS
RFU1=1.C2558

REC2=1.0225

k1=1C0.C

F2=2C.C

SPECIFY INPUT CCNDITICNS AT A GIVEN LOCATION

I.Es (ETAL1 AND ETA22 AT X ANC Y COCRDINATES)

ETAL1=3.5

ETAZ2=4.5

X=1C.0

Y=5.0

END  UF INPUT CONDITICNS

% ¢ o e gk X 3 ok 3 3 3k 3 3 e ok o ok o ek ofe ok ok ok ol sk o o o 3 a3k ook 3 ok o Bk o ok o ok e ok A e s ol ke e e ek e ke ke e ok ok 3
SPECIFIEC CONSTANTS FOR MASSACHUSETTS BAY |
x=X%607¢€.1

Y=Y*£07€6,.1

FFO3=(RHC1-RFHLZ2)I/RHO1

C=32.,172¢

PI=3.,1415¢2€535

W=(2.%PI)/(12.4%3600.)

C={RHO3*G*H2) /W¥*2

X1=0.0

Xe=41l.0*%€C16.1

Y0=20.0%€CT6.1 :

Ml=({W*%2% (H1+H2)} )/ (C*E2*RHCG3*HL ) )= {W*%2)/ (G*(H1+H2)))
Mz={w**2)/(G*{HL1+H2))

MCL=M1%%,5

NC2=M2%% .8

CCMPUTES AC AND BQO BY ITERATION
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70

AC=-(.01

BC=4.0

pINC=C.C1

EINC=0.1

AC=AC+AINC

EC=BO+BINC

"5=C 00

!’6=C .O

]’7=C «0

N=0

A=N+1

KIN)={(N*FI)/ X0
MNL=ML-K(N)®%2,
MN2=M2-K(N)**2,

[F (MNL) 7Cy TGy 65
CCNTINUE

MN1=MN1%%,5

MN2=(-NMNZ)%%,5
ANL2=(-.5*MNI*SIN(MNL1*YC))
BAL2=(.5*MN2*SINH{MN2%*YC))
Cl=(-MNL1*SIN(MN1x%Y())
Co2=CH(K({N)*%2%MNI*SIN{MNL*Y(J) +MN1*%*3%SIN(MN1*YO0))
ANLL=C1+4C2
C1=MN2*SIANH(MN2%YQ)
C2=CH(=K(N)**2%MN2%SINH(MN2*Y0) +MN2¥%3%SINH{MN2*YC) )
EANL1=D1+C2

FE=CCS{MNL®Y)
FE=COSH(MN2%Y)

CCL TC 8C

CONTINUE

MANLI=(-NMN1)%%*,5
MAN2=(=MN2)%%,5
ANL2=.S*MNL*SINH(MNL*YC)
BNL2=.5%MA2#SINH{MN2%*Y()
E1=MN1%*SIANH{MNL%*YQ)
E2=C*x(—K(N)**2%MNL*SINH (MNL*YO) +MN1*%x3%SINH(MN1*YQ))
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85

29
30

33

35

ANLI=EL1+E2

FL1=MN2*SINH({MN2*YQ)
F2=CH{-KIN)»*#*2%MN2*SINH (MN2*YQ) +MN2*% 3% SINH(MN2*Y0))
ENLLI=F1+F2

FE=CCSH(NNL*Y)

FE=COSH(MN2%Y)

COCNTINUE

Gl={—-2¢ *W¥x% 25 ( SIN(K(N)*X2)=SINIK(NI*X1) )/ (G*HLI*(X2-X1)*K{(N)))
CZ2=SIN(MCL*YCI®({1/MC1)-(G%RH2*MC L) /Wx*2)
C3=SIN(MC2*YC)*((1/MC2)-(G*H2%MO2)/ W*%x2)
ACL1=G1*C¢

ECL1=C1%*G3
C4=(SIMNKIN)#*X2)=SINCKIN)*X1))}/({X2=X1)*K(N))
ACLZ2=(-MCL*SIN(MCL*Y(C))*G4
BOL2={-NMC2XSIN(MC2*YC))*G4

G5=AC*ACL1+BC*BCL1

Ce=AC*ACL2+BC*BOL2

A(N)=(G5/BNL1-G6/BNL2)/ (ANLL/BNL1-ANL2/BNL2)
BE(N)={G5/ANL 1-G6/ANL2) /{BNLL1/ANL1-BNL2/ANL2)
FS=COSIKINDI*X)*(A{N)*FS4B(N)*FE) +HS
FE=K(N)*¥2*COCSIKINIXX)* (A(N)*F5+4B(N)*F6) +h6é
FT1=CUSIKINDIXX)*(A(N) *MN 1% 2%F54B (N) *MN2%%2%F¢) +H7
IF(50-N) 85, 50, 50

CCNTINUE

ETA2=H5+{AC*XCCS(MOL*Y)+EC*COS(MC2%Y))

ETAL=ETAZ2-(G*H2/W*%2 )% ( (HOE+HT+AOXML*COS (MOL*Y ) +BO*M2%COS{M02%Y) ) )

IF (BC-€.C) €4933,33
CCONTINUE

IF (ETA2-ETA22) 20, 35, 29
IF (BINC-C.3UCCL1)35, 25, 3C
BC=BC-BINC

BINC=BINC/1C.C
IF(BINC-C.0GC1135935,20

IF (AC-1.C)7, 74 45
CONTINUE

If (ETAL-ETALL) 10, 45, 40



45

53

59

17¢C

AC=AC-AINC

AINC=AINC/1C.C

IF (AINC-C.00001) 45,45,1C

COLNTINUE

AC=AC+AINC

EC=BO+EBEINC

FCRMAT (lHly' AC =',F7¢4,ZOX9'BC’ =',F8-5'//,
WRITE (€,58) BGy AC

FCRMAT (1KO, 'CCOMPUTES AN AND BN FCR N =1 TO 5C
WRITE (€4 569)

CCMPUTES AN AND BN FCR M = 1 TQ 50

CC 185 N = 1, 5C

K{N)=(N*P 1)/ XC

MANLI=NL-K(N)=%x2,

MPAN2=M2—-K{N)*%2, .

IF (MNL1) 17C, 17U, 16C

CCANTINUE

MANI=MNL1#**,5

MA2=(—-MANZ2 ) %% .5

ANL2=(—-o5*MNIXSINIMNLIXYC))
BNL2=(+5*MN2xSINH{MN2*Y())

Cl=(-MN1*SIN{MN1%YO))

C2=Cx(K{N)%¥2xMNLIXSTN(MNL*Y(Q) +MN1**3%STIN{MNL1*YO0))
ENLL1=C1+4C2

C1=MN2*SINH(MN2%YQ)
DZ2=Cx{=K{N)*%2XMN2%SINH {MN2%*YO ) +MN2%*3*SINH{MN2%*Y(]))
ENLL=C1+C2Z

CC TC 18C

CCNTINUE |

MNLI=(-MN1)*=x,5

MAN2=(=-MN2)%%,5

ANL2=oE2MN1*SINH{MNL1*YC)

ENL2=o5%MN2XSINH{MN2*Y( )

E1=MNL®SINH(MN1*YQ)
E2=C%(—KIN)*32EMN]L*SINH (MNL*YQ) +MN1*%3%SINH{MN1*YQ))
ANLLI=EL+E2

“W//)



F1=MN2*SINH{MN2*YQ)
F2=Cx{=K(N)*%2%MN2*SINH (MN2*YQ) +MN2*=3%xSINH(MN2*Y())
BNLL=F1+4F2

CCNTINUE

Gl=(—-24#W#x2% (SIN(K(NI*X2)-SIN(KINI*X1))/(G*H1*{X2-X1)*K(N} )}
GZ2=SIN(NMCL®YE)*((L/MCL1)-(G*H2*MCL )/ WH*2)
C3=SIN(MC2*YC) *( (L/MC2)-(G*¥H2XML2) /Wx*%2)

ACLL=G1*G2

BCL1=GL1*G3
C4=(SIN(KIN)*X2)=SINIK{NI®X1) )}/ {X2-X1)*K(N))
ACL2=(-MFCL*SIN(MOL*YC))2G4
BCL2=(-MC2*SIN(MC2%YC) ) *G4

C5=A0*ACL1+BC*BGL1

G6=ACXACLZ2+B0*BCL2

AIN)=(GE5/BNL1-G6/BNL2) /{ANLL1/BNLI-ANL2/BAL2)
EA(N)=(G5/ANL1-G6/ANL2)/{BNL1/ANL1-BNL2/ANL2)

WRITE (€45 6C) Ny A{N), E(N)

FCRMAT (10X, I4y 10Xy E12.5y 1CXy E12.5)

CCNTINUE

COGMPUTES ETA 1 AND ETA 2

CCMPUTES VELCCITIES L1, V1e L2y V2

Y=2.0%6(7€.1

WRITE (€&y 11%)

FCRMAT {1rl, 5X, ' CCMPUTES ETA AND VELOCITIES FOR TWC
1EC  FLGCW')

WRITE (€4 12C)

FCRMAT (1HU9S5X "X (NM) ' 45Xy 'Y (NM)',10X,'ETA-1 (FT)',5X,'Ul (FPS)?

155X 'WL (FPS) V10X ETA=2 (FT)"yS5Xa302 {FPS)',5X,'V2 (FPS)?)
X=—=€60T7€.1

x=X+607¢€,.,1

P1=C.0

F2=0.0

F2=C.0

P4=C .0

F5=C.0

Fé€=C.0



-76=1

21

[

Fi=C.0

CC 220 N = 1, 50

FNL=ML1-K(N)%%*2

MN2=M2-K{N)}**2

IF (M1I-K{N)#*%*2) 200, 19C, 190

CCNTINLUE

MN1=MNL1**,5

MN2=(=MN2 ) %x*,5
Pl={-K{N)*SINIKIN)I*X)2{A(N)*XCOS(MNL*Y ) +B(N)*CCSH{MN2%*Y)}))+P1
F2=(COSUKAN) X)X {—A(N)*MNL*SIN(MNL1*Y)+B(N)*MN2XSINH(MN2*Y)))+P2
E2XXX=K(N)%=x3%SINIKIN)I*X)*{A(N)*COSIMNLI*Y)+B(N)*COSH(MN2*Y))
E2YYX=+AIN) #*MNI*%2%CCSOMNL*Y) =B IN)*¥MN2*%2%xCOSH{MN2%Y )
F3=E2XXX+ {+K (N)*SIN(KINI#X) IXE2YYX+P3 |
E2XXY=+A(N)*MNLXSIN(MNL*Y)-B(N)*MN2*XSINH(MN2*Y )
E2YYY=A(N)ZMNLI**3%SIN{MNL*Y) +B{N) EMN2*xX3%xSINH{MN2*Y)
Pa=+K{N)#%2%COSIKIN)%X)HE2XXY+COSIK{N)*X)*E2YYY+P4
FE=COS(MN1%*Y)

FE=COSH{NMN2%Y)

cC TC zlo0

CCNTINUE

MANL={-MN1)%%*,5

FN2=(-MN2) %% ,5
PI=(-K{N)*SINIKAN)IEX)*(A(NI*¥COSH(MNLI*Y)+B(N)*COSH(MN2*Y) ) )+P1l
P2=(COSIKINIXX)*(+A(N)*FNL*SINH(MNLXY)+B(N) #MN2*SINH(MN2*Y)) ) +P2
E2XXX=KIND)%E3ESIN{K (M) R X} {AINI*COSHIMNL*Y )} #B(N)*COSHIMN2*Y))
E2YYX=—A{N) #*MNL**2xCOSH(MNL1*Y)—=B{N)*MN2*%2%COSH{MN2%Y)
F3=E2XXX+ (#K{N)RSIN(K(N)XX) )*E2YYX+P3
EZ2XXY=—A(N)*MNL®*SINH(MN]I*Y)=B(N)*MN2%*SINH{MN2%Y)
E2YYY=A(N)XMNL#%3%SINE(MNL*Y)+B(N)*XMN2*%3%SINH(MN2*Y)
Pa=+K{N}*¥2%COS{KIN)*X)RE2XXY+COSIK (N} XX)*E2YYY +P4
FS5=COSE{MN]1*Y)

FE=COSH{MN2%Y)

CCNTINUE

FE=COSUIKIN)*X)*{A(N)*F5+B{N)*F€) +H5
FE=KIN)*¥2%COSIKINI*X)X{A{IN)I*FS+B(NI*FO6)+HO
HTI=COSTKIN)*X)%*{A(N) *MNLI*%2%F54+B (N) *MN2%%2%F6) +HT



22C

230

240
3CC

|
O
7

CONTINUE

C=G**2%RFC3*H2/W**3

ETA2=HS+(ACXCCS(MOL*Y)+EC*COS(MO2%*Y))
ETAL=ETA2-(G*H2/W**2 ) *{ (HE+HT+AC*M1*COS(MOL*Y)+BC*M2%COS(MO2*Y)))
Le=(-G/h)*P1
V2=(-G/w)*(P2+(—AC*MCL*SIN(MCL*Y)-BO*MC2*SIN(MO2*Y)))
Ul=U2-C*(F3)

VI=V2-D*( (ACKMCL**3%xSIN(MCL*Y) +BO*MO2*%3*SIN(MO2%Y)+P4))
X5=X/€01¢€.1

YE=Y/6CT¢€.1

WRITE (€&, 23C) X5y Y5, ETALl, Uls V1, ETAZ, U2, V2

FCRMAT (EX9F54296X9F5eZ2911X9FBebyTX9FBe495XgFBedy10X9FB8ebtyTXyFBaty
18X,FE.4)

IF (X-(58.%6(76.1)) 140, 14C,y 240

CCNTINUE

STOP

ENC
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SAMPLE OF COMPUTER PROGRAM OUTPUT

A = -0.058
(o]
B = 4.686
(o]
COMPUTES ETA AND VELOCITIES FOR TWO LAYERED FLOW
X (N\M) Y (NM) ETA-1 (FT) Ul (FPS) V1 (FPS) ETA-2 (FT) U2 (EPS) V2 (FPS)
10.00 10.00 4,1789 - 0.1582 0.1886 4.4359 - 0.1615 0.1886
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MATHEMATICAL MODELS OF THE MASSACHUSETTS BAY

ABSTRACT - PART III

A MATHEMATICAL MODEL FOR THE DISPERSION OF
SUSPENDED SEDIMENTS IN COASTAL WATERS

by

GEORGIOS C. CHRISTODOULOU
WILLIAM F. LEIMKUHLER
and

ARTHUR T, IPPEN

A three-dimensional analytical model is proposed for the descrip-
tion of the dispersion of fine suspended sediments in coastal waters.
The model basically predicts the quasi~steady state sediment concentra-
tion as a function of space and tidal time and the deposition pattern in
the region surrounding a continuous vertical line source. It requires
that the sediment settling velocities and the hydrodynamic features of
the area, the net drift and the tidal velocities as well as the disper-
sion coefficients be known. Effects of wave action and vertical
stratification are not explicitly considered. A separation of variables
technique permits a rather independent treatment of the vertical and
horizontal distributions; they are linked primarily through ths decay
factor, which represents the loss of material to the bottom.

The model is applied to a hypothetical dredging situation in
Massachusetts Bay. Values for the hydrodynamic parameters were obtained
from the analysis of field data collected during the past year. Labora-
tory experiments were carried out for the determination of settling
rates of clays in seawater, in view of unknown flccculation factors.
Stoke's law was considered adequate for silt and very fine sand.

The model results indicated very long and relatively narrow
dispersion patterns, under the assumption of constant drift direction.
The net drift and the sediment settling velocity seem to be the most
important factors controlling the dispersion of fines in coastal waters.
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Reference concentration at depth a for the vertical distribu-~
tion

Spatial deviation of local concentration from the average
value over the depth (or the cross section)

Particle diameter

Rate of deposition

Average value of D over the tidal cycle
Dispersion coefficient

Dispersion coefficients in x and y directions, respectively

Longitudinal dispersion coefficient (in one-dimensional
models)

Part of the dispersion coefficient associated with the velo-
city variations over the depth (or the cross-section)

The Darcy-Weisbach friction factor
Acceleration of gravity
Total water depth

Height of water column in settling tube experiments



Von Karman's constant
Length scale for diffusion

Movement due to tide (see Figure 14)

Distance from the source
Mass rate of injection of the sediment~seawater mixture

Mass rate of injection of sediment group i

Number of tidal cycles to steady state
Total mass injected

Probability density function of the vertical position of
particles, used by Elder (2.7). Analogous to $(Z)

Pipe radius in Taylor's formula (Equation 2-5)

Source and sink terms in general dispersion Equation (2-3)

< e—a(t~1), variable used in the transfommation of the

differential equation for T (see Section 5.1)
Time
Tidal period

Initial time, after which diffusion modelling is wvalid

Time scale for mixing, as defined by Fischer

Local velocities (at depth z) along x and y directions,
respectively

Spatial deviations of u,v from their respective depth-averaged
values u,v

Net drift velocity (at depth z) along x axis
Max tidal velocities (at depth z) along x,y axes, respectively

Shear velocity
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Mean velocities over the depth in x,y directions,
respectively

Mean-weighted velocities over the depth, i.e. transport
rates along x,y directions, respectively (taking into con-
sideration the nonuniform sediment distribution over the
vertical)

Depth—-averaged drift velocity along x axis

Depth-averaged max tidal velocities along X,y axes
Mean transport rate along the net drift
Transport rates associated with the max tidal velocity in

X,y directions

Representative velocity magnitude for the determination of

Uy

Volume rate of injection of the sediment-seawater mixture

Sediment settling velocity

Horizontal coordinates along net drift and normal to it
Vertical coordinate‘increasing upwards

Exponent in the expression of the vertical sediment distri-

bution = kBu*

Decay rate in the two-dimensional dispersion equation for
the depth-averaged concentration

e, /eq
Sediment specific weight

Seawater specific weight

Thickness of layer of sediment deposited
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Note:

= Horizontal turbulent (eddy) diffusion coefficient

= Turbulent diffusion coefficients along x,y directions
= Vertical sediment diffusion coefficient

= Mean value of €, over the depth

= Vertical momentum transfer coefficient

= z/h, non-dimensional depth
= Transformation of horizontal coordinates y,x (see Section 5.1)

= Constant of proportionality in formulas for the dispersion
coefficient

= Coi/co , proportion of group i in initial sediment mixture

= Kinematic viscosity
= Density

= Effective density of loosely deposited sediment

= Sediment density

= Seawater density

= Variance of sediment (or tracer) distribution along an axis

= Dummy time variable (see Section 5.1)

= Bottom shear stress

= Normalized vertical sediment distribution

2m

T

A prime is used to denote non-dimensional parameters, except for
T' (see Section 5.1)
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CHAPTER 1

INTRODUCTION

Suspended sediments of inorganic and organic origin exist in
most coastal waters in varying small concentrations. Their presence
arises either from natural sources or increasingly from man's activitieé
near and off the shores. Natural erosion processes take place inland
and produce suspended sediment which eventually reach the estuaries and
the sea. Man has contributed to this natural supply by construction,
waste disposal, agricultural and irrigation practices, and in more
recent years provides additional amounts of sediments by extension of
his activities to the shorelines and coastal waters.

The amount of sediment naturally present in the coastal environ-
ment must be considered a part of this environment, and all biological
activity has in time come to quasi-equilibrium with this as with all
other factors present. A drastic change in sediment concentration could
hinder some natural processes possibly causing severe damage to many
forms of life.

More specifically, suspended solid particles contribute to the
turbidity of the waters and hence affect biological processes through
the extinction of light. Thus, increased concentrations could impair
the growth of many organisms locally as well as some distance away from
the disturbance created by man. In addition, these particles, wherever
they are deposited, could directly affect plant and animal life on the

sea bed.
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A growing concern has therefore arisen with regard to this type
of pollution and the prediction of the movement and dispersion of the
fine sediments introduced into a coastal area by dredging or dumping
has become a most important problem. In order to make such a predic-
»tion, it is first necessary that the hydrodynamic characteristics of
the area be known. Thus the problem requires information concerning
dynamic characteristics such as the magnitudes and directions of tidal
and non-tidal currents, the distribution of the velocities in the
vertical direction, the vertical and horizontal dispersion rates, the
effects of wind and waves, and other parameters. All of these depend
upon the geometry and the geographical position of the body of water
under consideration, in addition to the meteorological conditions.
However, the geometry is usually complex and the meteorological condi-
tions cannot be readily forecast. Theoretical approaches to the
determination of the velocity field must therefore be based on simpli-
fying assumptions.

The limited knowledge of sediment transport behavior, coupled
with the hydrodynamic complexities, makes the problem one of extreme
difficulty. The sediments of interest consist typically of very fine
material. For the most part they fall into the silt and clay range.
In the presence of sea water, electrochemical forces become important,
causing flocculation, that is, the individual grains form larger
aggregates which have lower density and mostly increased settling rates.

In spite of these complications, theoretical investigations can

still lead to some significant results. Even under gross assumptiomns,
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these results provide at least qualitative information, which can form
the basis for more sophisticated approaches toward a good undersfanding
of the process.

Previous investigations of the behavior of solid suspensions have
dealt for the most part with single aspects of the problem. These
studies are briefly reviewed in a following section.

The present study is an attempt to solve the general problem of
sediment dispersion in coastal waters by combining the results of pre-
vious analytical investigations, field measurements, and laboratory
experiments. Several simplifying assumptions were made to this end and
a specific three-dimensional analytical model is proposed for a descrip-
tion of the processes involved., Numerical models may be developed as
a further step. Nevertheless, it is believed that an analytical solu-
tion, relatively simple and generally applicable, can serve as a first
approximation for the prediction of sediment transport and dispersion
in coastal waters.

This analytical model starts with the general three-dimensional
dispersion equations to which a separation of variables technique is
applied so that the vertical concentration distribution can be treated
independently. A single layer shear flow is then assumed, and the
equilibrium concentration profile is found for the vertical direction,
as is done in open channel flow. Stokes' law for settling velocities
of sediments other than clays is applied. For clays such velocities
were determined in a laboratory settling tube, however, without specific

examination of the flocculation process.
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A velocity field is assumed consisting of the superposition of
a net drift and a sinusoidal tidal velocity at any angle to the net
drift. Taking into consideration the nonuniform sediment distribution
over the vertical, a technique for the analysis of current data was
developed to provide values of the advection and dispersion factors in
the two-dimensional dispersion equation which is then solved for the
quasi-steady state case. It is further shown that in addition to the
concentrations of suspended sediment as a function of time and space,
deposition patterns on the sea bottom can also be derived.

This work was initiated as a complementary study to the Sea Grant
Project, "The Sea Environment of Massachusetts Bay and Adjacent Waters",
and to the New England Offshore Mining Environmental Study (NOMES-NOAA)
which involved an experimental dredging operation planned in Massachu-
setts Bay for the summer of 1974. While the actual dredging operation
has been cancelled, base line measurements were made during the past
year and provided some input for the parameters needed for the applica-
tion of the analytical model to a natural coastal environment.

The relative importance of the various parameters for predictive
purposes is established. Thus field measurements can be planned with
better judgement as to whether certain quantities should be determined
accurately or can be estimated approximately without serious effects on

the ultimate dispersion patterns.
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CHAPTER 2

REVIEW OF PREVIOUS RESEARCH

There have been quite a number of studies related to the subject
of the present work. Most of these, however, have dealt with only one
aspect of the problem.

The relative vertical distribution of suspended sediment in a
turbulent stream can be stated in analytical form when a suitable
velocity distribution function is introduced into the differential
equation for the equilibrium between turbulent upward transport of
sediment and downward settling due to gravity. The latter relation was
first established by Schmidt (1925) to describe the distribution of
dust particles in the air. In the 1930's, Ippen (16) and Rouse (26)
introduced the velocity distribution functions by Krey and Von Karman,
respectively, with identical results. A linear shear distribution for

a steady, two-dimensional flow was also assumed. The well-known solu-

tion is:
Z
c h-2z a
£ = QT 4 2-1
c h-a z] ( )
a
where
Ws
z = kBu*
Ca = the reference concentration at elevation a
h = the total depth
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w_ = the settling velocity of the particles

k = the Von Karman constant
B = ezlsm, the ratio of the sediment mass exchange coefficient

to the momentum transfer coefficient

/ T
u, = _0 , the shear velocity

*
p
TO = the bottom shear stress
p = fluid density

Dobbins (6) in?estigated the problem of vertical sediment dis-
tribution in the transient state, and by a separation of variables
technique he obtained a solution as a series expression. He also con-
ducted experiments to verify his results.

Since that time, the parameters appearing in the exponent, Z, of
Equation (2-1) have become the subject of research. The Von Karman
constant was found to depend upon the near-bed concentration, while
k = 0.4 applies strictly only to clear water. Furthermore, the velocity
distribution changes due to the presence of suspended sediments, as
Ippen pointed out (17). These changes, however, are significant only
in the case of high sediment concentrations, and therefore are not con-
sidered important to the present work.

Another subject of debate was the coefficient B, which has been
found to take on values both higher and lower than unity (18). Never-
theless, for fine sediments most investigators agree on a value of B

close to 1,
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The greatest difficulties arise in estimates of the proper
values for the settling velocities of the suspended particles. Stoke's
law is adequate for very fine sands, however it is not readily applied
to clay particles because the settling rates of clays are altered by
flocculation. 1In this process large groups of particles with high
settling rates are formed from collision of smaller ones. Flocculation
takes place to a high degree in the sea environment. Partheniades
(24,25) and Krone (7,20) have done extensive work in the field of
deposition of fine clays in estuaries and generally in salt water.

While the mechanism of collision is well understood, the rates of
sedimentation are, in general, far from being quantitatively determined.
Because of the need for some form of quantitative prediction of settling
rates in the present study, it was decided that some laboratory experi-
ments should be performed. Sections 4-4 and 4-5 deal with this problem
of flocculation in more detail.

Recently, Jobson and Sayre, in a series of papers have approached
the problem of dispersion in a uniform open channel flow with turbulent
shear, through a two-dimensional model, i.e. not considering lateral

variations of velocity

2
3c dc _ 3 . 3c 3c 3% B}
ot +u(z) 9x 3z (ez Bz) + Ys 2z + €x ax2 (2-2)
where ez = the turbulent diffusion coefficient in the vertical
direction
€ = the turbulent diffusion coefficient in the longitudinal

direction which is considered constant

-19-



u(z) the longitudinal velocity at depth z

the fall velocity of the particles

£
I

Sayre (27) worked on the transient distribution of suspended
solids in the silt range. He used the method of moments to formulate
a finite difference scheme, which provides values for the moments of
the distribution of the suspension. He elaborated on the bottom bound-
ary condition, introducing a bed absorbency factor and an entrainment
factor. He also investigated their effect upon the dispersion process.
Jobson and Sayre (18,19) incorporated these two factors into one
coefficient, called A, which effectively represents the overall proba-
bility that a particle settling to the bed is deposited there. Its
importance was examined, but its value was not determined for any
particular sediment. The two-dimensional equation was simplified for
82c
—5 as

9x
negligible. The resulting numerical solution was compared to experi-

the steady state by omitting the term <%% » and assuming

€x
mental results. They stated in their conclusions that the fall velocity
is the primary factor for controlling the rate of descent of the sedi-
ment matter; the effect of turbulence on the fall wvelocity was
negligible compared to the effects of grouping due to the injection
method. The accuracy of the vertical diffusivity (EZ) distribution was
found not to be particularly important for the determination of the
vertical concentration profiles.

Other researchers, working mainly on the dispersion of pollutants,

tried to estimate the longitudinal dispersion coefficient E., appearing

L
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in the general one-dimensional dispersion equation as stated by

Harleman (12):

% aéi‘)+%%(AU~)= %%—}—{(AELS—;)+%1—+§§- (2-3)
where A = the (variable) cross-sectional area of the channel
U;Z = the cross-sectional averages of velocity and concen-
tration, respectively
r, 1,
> o = source and sink terms

EL is the sum of the longitudinal diffusivity and a term accounting for

the velocity variations over the cross section:

[ ova
E, = €_ + — (2-4)

B[

where u",c" are the spatial deviations of the velocity and concentration
from theirmean values, U and c. The second term is normally much
greater than the first.

G.I. Taylor first developed in 1954 a theoretical formula for
determining EL in a circular pipe, assuming a logarithmic velocity dis-

tribution. His formula was

E. = 10.1 r_u, (2-5)

where r, = the radius of the pipe.
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Elder in 1959 (8) carried out a similar computation for steady,
uniform, two-dimensional (i.e. infinitely wide) open channel flow with

a logarithmic velocity distribution and found

E, = 5.9 hu, » (2-6)

where h = the depth of the channel.

Both Taylor and Elder verified their results by tracer experi-
ments. Elder, in addition, pointed out that his formula is valid only
for suspensions of uniform vertical distribution and that a similar
analysis could be done for particles having a non-uniform distribution,
by considering the deviations of the local velocity from the mean-
weighted velocity, rather than from the average velocity. The mean-

weighted velocity is:

(o]
1l

fl P(Z)udg (2-7)
(o}

where P(T)

the probability density function of the position of the

particles, analogous to their vertical distribution.

(=1
1]

the local velocity

Y
1l

non-dimensional depth z/h

Later on, Fischer (9) suggested that in a natural river lateral
variations of velocity are more significant than vertical ones. His
formula for finding the longitudinal dispersion based on the lateral

depth-averaged velocity distribution gives values of at least an order
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of magnitude higher than Taylor's values. Fischer also tried to

estimate the "initial time", T_, after which the dispersion resulting

I’
from an instantaneous injection is adequately described by models of
the form of Equation (2-3). He defined a time scale for cross-sectional

2
mixing, T' = — , where £ is the distance over which diffusion takes

€
place (e.g. the distance from the point of maximum velocity in the cross
section to the channel boundary) and € the diffusion coefficient in the

corresponding direction. He concluded that for a pollutant initially

uniformly distributed over the cross section, T, L 0.4T'.

These studies increased the understanding of the dispersion
process in natural streams, but the extension of their conclusions to
estuaries, where the flow includes a periodic component, and, moreover,
to coastal waters is not straightforward.

For estuaries, Harleman (12) proposed that Taylor's basic equa-
tion could be used, modified so as to include the hydraulic radius
instead of the pipe radius and also have an increased coefficient (by a
factor of 2) to account for natural non-uniformities. He suggested
using the average value of the absolute magnitude of the velocity over
the tidal cycle. More detailed approaches to the problem of sinusoidal
tidal velocities were made by Holley and Harleman (15) and Holley,
Harleman, and Fischer (14). 1In the former it was found that the fluctua-
tions of the dispersion coefficient due to the tide become insignificant
after 1 to 2 tidal cycles following injection. In the latter it was
suggested thattwo dispersion coefficients could be computed, one from

the vertical and one from the lateral velocity variation and the larger
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should be used in the dispersion equation. It was found that the
"initial time' was approximately T, = 0.2T', that is, about half its
value for steady flow. Finally, it was indicated that an order of
magnitude accuracy in the value of the dispersion coefficient was
adequate for modelling continuous injections. This conclusion is very
important for the present study, in view of the difficulty involved in
the determination of this coefficient.

Another approach to the dispersion in periodic flow was made by
Okubo (23), who assumed a linear oscillating velocity profile and worked

. . 2 . .
with the method of moments to find the variance Ox ‘of the longitudinal

distribution. From this the dispersion coefficient could be defined as
E. = - (2-8)

In periodic flow the coefficient has only half its value for a steady
flow of the same velocity.

Okubo also presented an excellent review of previous work
relative to the horizontal diffusion coefficient in, the ocean. He
collected information from numerous experiments and correlated the
diffusion coefficient to a characteristic 1length scale (22). The
purely diffusive process, however, does not contribute significantly
to the overall dispersion of sediments and therefore is not of great
significance to the present study.

Lately, three-dimensional models for dispersion problems began

to appear. Wnek and Fochtman (33) combined some of the previous ideas
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to develop a mathematical model for dispersion of pollutants in near-
shore waters; assuming constant dispersion coefficients in all three
directions they found an analytical solution in terms of error functions
for the case of infinitely distant boundaries, which they adjusted for
a finite depth by the method of images. However, they considered only
neutrally buoyant particles. Also, they did not include tidal currents
in the model.

Tetra Tech published a report (31) on the dispersion of radio-
active debris due to an underwater explosion; this was a detailed study
in which a three-layer model was developed to account for the thermo-
cline and the transfer between layers was considered. The vertical
profiles of the ocean currents were examined and a vertical density
gradient was taken into account. The solution of the model was per-
formed numerically by the method of moments and numerous computer plots
of the concentration and other parameters vs. time and space were pre-
sented in the report. In this study, the particles were also assumed to
be neutrally buoyant. Furthermore, the effect of the bottom was con-
sidered negligible, since the model dealt with deep oceans rather than
coastal areas.

In addition to mathematical models, major field stﬁdies were
also carried out in some areas, specifically for estimating the hydro-
dynamic characteristics of relevance to dispersion of suspended
particles. For example, current meter and dye studies were made in the
Gulf of Maine (1). The dispersion coefficient was found to be larger
in the direction of the stronger current, as expected, but the natural

variations of the parameters were too large to establish a reliable
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correlation between dispersion and current magnitudes.

Finally, under the NOMES project itself, a discharge of glass
beads simulating the sediment entrainment due to offshore mining was
performed in June 1973 (21,13). At that time Hess had developed a
preliminary model for predicting the dispersion of suspended matter (21).
The model was intended to give only rough estimates and thus some
factors such as the tide and the vertical diffusion were not considered.
He used the same dispersion coefficient for all directions as obtained
from a ;urface dye study combined with aerial photographs taken in the

summer of 1972.
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CHAPTER 3

THE MATHEMATICAL MODEL

3.1 Basic Assumptions

The analytical solution required several assumptions concerning
the geometry of the water body, the velocity field, and the character-
istics of the sediments.

The sediments are assumed to be introduced continuously
into the water body along a uniform vertical line source, at a
constant rate. The sediment is assumed to consist of a number of
grain size groups, each having a certain settling velocity, LA
These settling velocities are considered to be constant over the
depth. Flocculation of particles in the clay range is taken into
consideration as discussed in Sections 4.4 and 4.5,

The location of the line source is assumed to be far enough
from the shore so that problems due to the land-sea boundaries do
not arise. Amongst these, for example, is the action of breaking
waves. In deeper water the effect of waves is negligible and need
not be considered. Wave action may have some influence on sediment
suspension, but it affects it only indirectly by increasing vertical

diffusion.
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The depth of the body of water is assumed to be constant. If
the resulting movement of sediments does not extend to areas with
significantly different depth, this assumption is justified in view
of the great simplification involved.

In the ideal case of a straight shoreline, the velocity field
near the shore would normally consist of a longshore current and some
tidal component normal to the coast. However, since the area of
interest is a considerable distance offshore, this is not necessarily
true. Therefore, for purposes of generality, the tidal and net drift
directions are not assumed as normal to each other. These directions
are not easily determined in any particular coastal region. The
difficulties increase as the geometry of the area becomes more
complicated and field measurements are necessary for the determination
of the prevailing current directions and magnitudes.

The coordinate system is set up with the origin on the bottom
at the position of the vertical line source, the x-axis parallel to
the net drift, the y—-axis normal to the drift, and the z-axis
vertical upwards. The flow field is modeled as a one layer systen,
that is, no thermocline is considered.

The currents are assumed as functions of depth, z, only,
and invariable in the horizontal directions. The tidal velocities are,
of course, also functions of time. Thus, the flow field may be

represented as follows:
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x—axis:

y—-axis:

z-axis
where

uf = net

Ups Vo

Since many of the assumptions would not apply
detailed shoreline configuration is not essential to

simplicity, it may be represented by a straight line

straight lines.

vT(z) sin wt

drift velocity

assumed sinusoidal

of the Model

above assumptions, the

3.2 Structure
Under the
suspended matter is:
oc dc ac
at tu ox TV ay

where W is the particle settling velocity and € €y’ €,

w

ac
s 0z

mass balance

oc

__)+

X 99X

uT(z) sin wt + uf(z)

9

dy

(e

(3-1.a)
(3-1.b)

(3-1.¢)

= the components of the maximum tidal velocity,

near the shore, a
the model. For

or a set of

equation for

turbulent or eddy diffusivities in the three corresponding directioms.

The two horizontal diffusivities are normally independent of x and y

and equal.
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2 2
oc oc oc oc _ d ¢ 9 c 9 oc.
5E.+ Y ox tv dy Vs 3z fx ay2 + €y ay2 + 0z (ez 9z (3-3)

The depth, h, in coastal areas is, in general, much smaller than
the horizontal dimensions. Therefore, vertical equilibrium is
achieved after a relatively short time. In general, this time depends
on the depth and the vertical diffusivity, €, provided that the
particles are small. Using the definition of '"time scale" for
diffusion T' (g,14), it is found to be hz/ez. This is believed to be
an upper bound for the time to equilibrium, since the settling velocity
acts in addition to the vertical diffusivity. It should be noted that
the diffusion-type modeling of the process does not hold for short
times after the beginning of the injection, as already mentioned in
Chapter 2. Also, the model is not expected to be valid in the
immediate vicinity of the sediment source, because the time needed
for vertical equilibrium implies some excursion of the sediment away
from the source, before the model is reliable.

Once vertical equilibrium is established the shape of the
vertical profile does not depend upon the magnitude of concentration
over some range. This assumption is basic to the solution of the
model, for it permits independent treatment of the vertical and
horizontal distributions. In fact, the concentration, c¢, can be
represented as the product of a depth-averaged function, c, and

a normalized function of depth’¢:
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C(xay’z>t) = E(X,y,t)(b(l:), L= z/h (3"4)

where
1
f ¢(g)dg = 1 (3-4a)
0
The parameters u, v, c can be written
u="U+u"
v=V+ v" (3-5)

c=c+c
where U, V, c are the depth-averaged values of the velocities and
concentration, and u", v'", c'" are the spatial deviations about these

average values. Thus, Equation (3.3) becomes

9c 3 (ctc™) d(cte") w 2

oc n n
at-1-(U+u) X + (V+v" 3y s 32
2 2
d ¢ dc , 9 ac
=g ——=+¢ —5++ (e — (3-6)
X ax2 y 3y2 9z "z 9z

Averaging over the depth and taking into account

i) the Leibnitz Rule for differentiation of integrals

h h h
ii) the fact that J u" dz = 0, J v'dz = 0, f c" dz =0
0 0 0
s . s s 9 m_ 9  _w_
iii) simplifications such as = ¢ = 5y c¢" =0

the equation takes the form
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B8,y 2,y B TS iy g0y
ot 9x 9 h
5%¢ 2% ¢ 3. 26
=E —+E —+ = [e ), _.—(e )l (3-7)
X 3x2 y 3y h2 ¢ 9t z=1 T 9z’ z=0
where h h
[ u''c''dz f u''c"dz
0 0
E =¢ +———— ,E =¢ +— (3-7a,b)
X X - y y =
_p 9¢ _p 9¢
9x oy

The coefficients EX and Ey account for both the turbulent diffusion
and the dispersion due to the non-uniform velocity distribution. They
are refered to simply as the dispersion coefficients. 1In the case of
heavy particles, which have more variable concentrations over the
depth, the mean transport rates should be used (Elder (8)) rather

than the mean velocities. That is,

h .
IO uedz 1 h c 1
U =———= —f u = dz =f udg (3-8a)
s h h -
f 0 ¢ 0
cdz
0
: 1
and similarly Vs = [ vodg (3-8b)
0

These weighted velocities, US and Vs’ describe the advective motion
of the centroid of the dispersing suspended matter. They are the
product of the corresponding mean water velocities over the depth

and the coefficient a, as defined by Ippen (17). It is evident that
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the physical meaning of the dispersion coefficients given by
Equations (3.7a,b) is modified accordingly. Their second term should
account for the velocity deviations about the weighted-mean values,
as defined in Equations (3.8a,b).

Equation (3.7) can be further written

- - - 2~ 2-

oc oc oc 9 ¢ 9 ¢ -

—+U0 —+4+V -—=E —+ E —= - 0c (3-9)

ot s ox s 9y X ax2 y 3y2
where

w
__S 1 9 _ 29

o= =16(0) - ¢(D)] + hzl(ec T, O (3.10a)
or

a= [——+ ) (e, 300l ?(ec 500 =11 (3:100)

Equation (3.9) has the familiar form of a two-dimensional dispersion
equation, with o representing the decay constant. The meaning of a
can also be understood in view of Equation (3.10b). The first term
represents the rate of loss of material to the bottom, while the
second term expresses the gain of material through the surface.

The latter may be assumed zero. These considerations will be dis-
cussed in Section 4.2,

The vertical distribution, represented by the normalized
function ¢(z), plays a key role in the determination of the
horizontal distribution. It not only readily defines the decay rate
o (Equation 3.9, 3.10) but also affects the advective terms (3.8a and b)

and the dispersion coefficients.
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CHAPTER 4

THE VERTICAL CONCENTRATION DISTRIBUTION

4.1 The Normalized Equilibrium Distribution

Because of the assumption that the shape of the vertical pro-
file does not depend upon the horizontal variations, it is possible to
solve for the vertical distribution first. In fact, this order is
essential, since important parameters for the solution of the horizon-
tal distribution require knowledge of the normalized function ¢ (Z).

In addition, the main objective of this work is to obtain the quasi-
steady state solution of the entire problem. The distribution over the
vertical dimension will be the first to come to equilibrium because of
the relatively small value of hz/ez. Thus, total equilibrium is
obtained when the horizontal (depth-averaged) concentration distribu-
tion reaches steady state, provided that the time needed for this is
sufficiently larger than hz/ez.

Because of the relatively short duration of the tramsition
period, only the equilibrium state of the vertical distribution will
be considered here. The vertical profile of suspended sediments over
the depth, under equilibrium conditions, is described by the Schmidt

equation:

€, 3. + we = 0 v (4-1)
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where c the concentration of suspended matter at depth z

=
It

the settling velocity of the grain size considered

€ = the vertical mass diffusivity for sediment

This equation expresses a balance between the tendency of the particles
to settle (wsc) and the upward flux of sediments due to diffusion
(ez g%). In order to solve for c it is necessary to provide expres-
sions for LA and ez. The latter is a function of z, whereas w, can be
considered constant.

The sediment diffusivity €, is related to the turbulent momen-

tum transfer coefficient € by the relation

e, = Bem (4-2)

where B is close to unity for the very small particles with which the
present work is concerned. The value of € is obtained from the
velocity profile. 1In the case of a logarithmic velocity distribution
and of the related linear shear distribution in a uniform open channel
flows, the distribution of €m over the depth is parabolic. The solu-

tion to the Schmidt equation under the above assumptions is

Z
c BIE (4-3)
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where  Z = 2.5 fl (for B =1, k = 0.4) (4=h)
In Equation (4-3) a is a reference depth at which the concentration ca
is supposedly known. The shear velocity, u,, is related to the mean

velocity and the Weisbach-Darcy friction factor, f, by the relation

o = /E v (4-5)

* 8

The value of Um to be used here should represent a mean current magni-
tude regardless of direction. For flat bed conditions the friction

factor may be given an average value close to f 7, 0.02, thus u, %-%0 Um'

The one-layer shear flow with a logarithmic velocity profile
assumed here ﬁay be a poor description of coastal currents, especially
during the summer season when a definite thermocline exists. Neverthe-
less, recalling that wave action and density differences have been
neglected in the level of sophistication of this model, the shear
effects become primary factors of transport and dispersion of suspended
matter. Furthermore, the logarithmic velocity profile was adopted in
view of the extensive work done in justifying its application to open-
channel flow and the lack of adequate field information to propose a
different profile. A different assumption about the vertical velocity
profile would lead to a different distribution of €,- However the

vertical concentration distribution is not very sensitive to changes in
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Ez’ as Jobson has stated (19). The general procedures shown in this
model can be easily made to comply with any profile that might be found
to prevail in a specific coastal area. Thus, the generality of this
study is not restricted by the velocity profile assumption.

It can be seen from Equation (4-3) that the shape of the
vertical profile for a particular grain size (i.e. ws) and certain flow
conditions (i.e. u*) is constant, provided that the concentrations are
sufficiently low so that k can be assumed constant (The actual magni-
tude of the profile depends, of course, on the reference value ca).
Therefore, the assumption made in Chapter 3 regarding the similarity
of the vertical profiles is justified.

Recalling that ¢ = ¢¢, Equation (4.3) can be written in terms

of ¢(z):

Z
(@) = dCa/m) R (4-6)

Before proceeding to more details, it should be mentioned that
the Schmidt equation is not valid very close to the bottom. It is
fairly well-established that in the lower 4-57Z of the total depth, the
concentration is approximately constant, not obeying Equation (4-3)
although measurements in that zone are difficult both in the labora-
tory, because of the size of the instruments, and in the field, because
of the interference of the bed-load transport.

In light of this approximation, it is convenient to chose a

reference depth a = 0.05 h which yields the following normalized
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profile:

Z

¢<o.os>[%—§—1—1—] for £ > 0.05

¢ (2

(4-7)

I

¢(2) $(0.05) for £ < 0.05
In most cases the reference concentration c, for Equation (4-3) has to
be determined experimentally. However, due to the fact that ¢(Z) is a
normalized function, the determination of ¢(0.05) can be performed
1
analytically, by combining (4-7) with Equation (3-4a), i.e. f ¢(g)dg =
[0}

1. The resulting value of $(0.05) is

$(0.05) = Z (4-8)

1 -
0.05 + | 25 g
19
0.05

The integral can be evaluated numerically for several values of Z,
corresponding to different settling velocities. This is done through a
computer program, which then finds ¢ (0.05) and the whole vertical
distribution according to Equation (4-7), This program is presented in
Appendix B, as part of the larger program developed for the model and

discussed in Chapter 7.

4.2 Boundary Conditions — Determination of the Decay Rate

In order to determine the decay factor o of the depth-averaged
distribution, it can be seen from Equation (3.10) that the values of

the normalized vertical distribution and its derivative must be known
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at the bottom (Z = 0) and the surface (C = 1).
From Equation (4-7) it is evident that ¢(1) = O

Al €
so &,

f

Oat 2 =1

w

s 1
Y $(0) + =

h2

(e, 92, (4-9)

Thus, O
g dg =0

In the general case, the bottom boundary condition may be expressed

(18,19) as

dc _ _ _
€, iz + (1~A)wsc = 0 at z =0 (4-10)

This can be written

€

—% %% + (l—A)wSc = 0 or
€ @
T + (l—A)wS¢ = 0 at 7 =0 (4-11)

The quantity "A" represents the overall probability that a particle
reaching the bottom will stay there and will not be resuspended. It
refers to a time average of the percentage of particles sticking to
the bottom relative to all particles that reach it. In fact, A does
not distinguish between those particles that simply "bounce'" off the
bottom and those-that remain at the bottom being replaced by other,

newly scoured, particles. It is believed that A is related to the

flow conditions, specifically the mean velocity and bottom shear and

also to the sediment characteristics, particularly the degree of
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cohesion. The lower the flow velocity or bottom shear, the higher A
is expected to be)approaching unity.

For fine cohesive sediments, some quantitative relations have
been derived. Partheniades (24,25) tried to determine the minimum shear
stress under which all suspended matter is deposited, and the equilib-
rium concentrations of clays in suspension under certain flow conditions.
Einstein and Krone (7) conducted experiments with ''San Francisco Bay
mud" and found a linear relation between the percentage deposited and
the bottom shear. These results, however, were derived with specific
sediments and experimental techniques and cannot be easily extended.

In general, A is a very uncertain factor to predict and accurate
values have to be determined experimentally for every particular problem.
For the low velocities prevailing in coastal areas, A is expected to be
close to unity. As Jobson and Sayre (19,27) have reported, changes in
A seem to affect the vertical profile only very close to the bottom.

Nevertheless, A is very important for the horizontal distribution.
It is directly related to the decay constant o. In fact Equation (4-11)

may be written:

1

= (e dd, +u ) = Av_$(0) (4-11a)

¢ dg r=0
By comparison of Equations (4-9) and (4-1la) it is evident that

AWS¢(O)

@ = —S— (4-12)
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It must be mentioned that the assumption of constant ¢(Z) in

d¢ - ich i
arlc=0 = 0, which is

inconsistent with any value of A other than 1, as it can be readily seen

the interval 0 € T € 0.05 (Section 4.1) implies

from Equation (4-11), For A < 1 == %% = 0 < 0=+9¢(0) > ¢$(0.05). It
would be possible to modify this small lower portion of the vertical
profile so that various values of A can be incorporated. The correc-
tion, however, would be insigificant in view of the many uncertainties
involved in the near-bottom concentrations. Hence, Equations (4-7) are

considered herein as giving an adequate description of the vertical pro-

file, regardless of the value of A.

4.3 Sediment Settling Velocities

The settling velocity is the most important sediment character-
istic. It affects directly the vertical distribution (Equation 4-4) and
indirectly the horizontal distribution, mainly through the decay factor
(Equation 4-12).

In the present work only fine particles are of interest. Their
fineness is essentially associated with their ability to stay in
suspension ‘for a sufficiently long time so that they can travel a reason-
able distance away from the source before being deposited. The terms
"sufficiently" and "reasonable'" are of course vague; it remains for the
engineer to estimate appropriate values for every particular problem,
based on such factors as depth, magnitude of currents, etc.

In the case of the area of interest in Massachusetts Bay, the

depth is approximately 30 meters. If the particles are required to
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travel for at least one hour before being deposited, the maximum
settling velocity of interest is of the order of 0.8 cm/sec. Particles

with such small settling velocities are considered to follow Stoke's

law:
gd’

Vs = Tav (V) (4-13)

where d = the diameter of the particle
g = the acceleration of gravity

V = the kinematic viscosity of the water

YS = the specific weight of the sediment considered

Yw = the specific weight of seawater

Substituting, g = 981 cm/sec2

Y = 2.65 for natural sand and silt,

Y. = 1.025 for a mean temperature of 10°C and a salinity of
33 o/

v o= 1.31xl0“2 cmzlsec (at 10°C)
the resulting settling velocity is

w,_o= 0.68x104d2 (4-13a)

Therefore, w, = 0.8 cm/sec corresponds to a particle size of d =
0.0108 cm = 108 y. In the present work particles smaller than 100 u

will be considered.
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Stoke's law refers to spherical particles of diameter d. Par-
ticles having the same volume and weight but different shapes have
significantly different settling velocities. However the settling
velocity, not the actual shape and size of a particle, is the sediment
characteristic most essential to this study; thus, the particles can be
classified in terms of "equivalent Stoke's diameters'.

Following the MIT soil classification, the sediments are divided
into groups of particle sizes and characterized as "very fine sand",
"silt" and "clay'" as shown in Table 1. The settling velocities are
computed using Equation (4.13a). The mean velocity of the group will
be used as the representative value for all sediments belonging to it.
THe value for the clay group corresponds to d = 1 Y. The distribution
of each group can be examined independently if the interaction between
various groups is assumed negligible (29). This is true for low con-

centrations.

Table 1. Separation of Fines into Groups

Particle Size | Settling Velocities W (cm/sec)

Group Name range (u.) lowest highest mean
Very fine sand 60-100 | 0.245 0.680 0.462
Coarse silt 20-60 2.72x107% | 0.245 0.136

-2 -2

Medium silt 6-20 2.45%x1073 | 2-72%10 1.43x10
. ) -4 -3 -3

Fine silt 2-6 2.72x10 2.45x10 1.36x10
-4 -4

Clay <2 2.72x10 0.68x10
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4.4 TFlocculation Characteristics and Effects

While for the sand and silt range the above considerations are
adequate for the determination of the settling rates, the phenomenon
of flocculation does not allow such a simplified approach for the clay
range. Flocculation is the process of formation of large aggregates of
particles by the association of many smaller ones. It is due to the
collision of individual particles and to the cohesive and electro-
chemical nature of clay particles in saline water.

Several investigators have tried in the past to present a com-
prehensive description of the flocculation process. It is known that
collision of particles may be caused by three different mechanisms
(20):

i) Brownian motion, i&kyhi"ch thg rate of collision depends on
the temperature
ii) Local shear or velocity gradients, in which the rate of
collisions depends on the size of the particles and the magnitude of
the gradient

iii) Differences in settling velocities of particles: Larger
particles settling through a suspension of smaller particles collide
with them at a rate depending on their relative velocities. Commonly,
Browian motion contributes to the initial stages of flocculation, while
the internal shearing dominates the formation of larger aggregates.

It is also known that limiting floc sizes are obtained for certain
shearing rates. The collision rates in all mechanisms are directly

proportional to the concentration of suspended matter.
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Despite the good understanding of these mechanisms, there is
very little information concerning the settling rates of flocs. The
change of the floc size along with its density during settling and the
breaking of flocs in layers of higher shear makes the problem too
complicated. Furthermore, the non-~uniform composition of natural clay
suspensions adds to the complexity. It seems that the problem is more
tractable from a "macroscopic'" point of view, that is, without trying
to fully understand the process, but by simply studying the effective
settling velocity of the flocs. Some field and laboratory experiments
have been carried out for this purpose. Krone (20) from studies in the
Savannah Harbor concludes that the settling velocities of the aggregates
are of the order of 1 cm/sec, varying considerably between ebb and
flood. These aggregates were found to have a specific weight of about
1.1 gr/cm3. Because of the high settling velocity, most of the sus-
pended matter was deposited during high or low water slack and resus-
pended when the tidal velocities, and therefore the shear stress,

increased during flood or ebb.

4.5 Settling Tube Experiments on Clay Suspensions

4.5.1 Experimental program and procedures

In order to get an overall quantitative idea of the settling
rates of clay suspensions a laboratory experiment was carried out.
Specifically, the experiment was intended to provide a set of equivalent
settling velocities, without dealing with the details of the floccula-

tion process.
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A plexiglass tube, 90 cm high and of 21 cm inner diameter as
shown in Figure 1, was initially filled with a uniform suspension of
clay in seawater and the decrease of concentration over time was
monitored through the extraction of samples by means of valves placed
at 15 cm intervals along the tube. The samples were analyzed with
respect to their "turbidity" values, by means of a HACH 2100A turbidi-
meter.

Turbidity measurements were made as an expedient for determining
suspended sediment concentrations as opposed to laborious filtering
procedures. Field samples from the Massachusetts Bay analyzed by both
turbidity and gravimetric techniques provided the opportunity to corre-
late turbidity with concentration of total suspended matter (both
organic and inorganic). This correlation appears to be linear, as can
be seen in Figure 2, at least in the range of concentrations encountered,
which are generally below 10 mg/k. Since the turbidimeter operates by
measuring the scattering of light due to the particles in suspension
it is apparent that not only the concentration but also the composition
and size distribution of these particles affect the turbidity readings.
Also, the presence of plankton increases the turbidity of the water,
but does not contribute much to the weight of the matter collected on
the filter. Thus, the scattering of the field data is reasonable in
view of the variety of locations and conditions under which the samples
were taken.

In the settling tube experiment kaolinite suspensions were first

used. The material used was ""Peerless No. 2 kaolinite" the same as
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that used by Partheniades in his experiments in a rotating channel
several years ago. The experiment was repeated with illite and Boston
Harbor mud. The illite was part of a sample of "Boston blue clay"
being used for soil testing in the MIT Soil Mechanics Laboratory. The
Boston Harbor mud was taken from the bottom of the harbor near Spectical
Island. Both samples were oven-dried at 140°F and powdered before being
used in the experiment.

In each run a known weight of sediment was added to a known
volume of seawater and the two vigorously mixed so as to achieve a
uniform initial concentration. The initial uniformity was checked by
taking samples at various depths immediately after the suspension was
made. As long as their turbidity readings were approximately the same,
the initial concentration was assumed uniform. These initial samples
were poured back into the settling tube in order to maintain the
original water elevation. A new sample was taken from the mid-depth
and its turbidity was checked to see if it agreed with the average of
the previous samples. It was then used for calibrating the turbidimeter
for the particular suspension under consideration. The background
turbidity was subtracted from all readings. The calibration, made with
dilutions of this initial sample, indicated a good linear relation
between turbidity and concentration in all cases. These calibration
curves are presented in Figure 3. The background turbidity of the
seawater used was recorded before adding the sediments; it was general-

ly very low, about 0.2 FTU.
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During each run samples were taken at certain times at various
depths and their turbidity measuréd. The number of samples was
limited to minimize the disturbance of the water column and to avoid
drastic changes in the surface elevation. At first, the measurements
indicated a rather rapid decrease in turbidity in all depths, with
higher values always at the lower sample depths. For each set of mea-
surements, after subtracting the background value, the average turbidity
over the depth was computed. Due to the linearity of the turbidity-
concentration relationship, the percent decrease in average turbidity
represents the percent’of the initial sediments that had settled below
the bottom valve. The turbidity measurements are presented in Appendix
A. Plots of percentage settled vs. time are shown in Figures 5 and 6.

The percentage of the sediment having an average settling time
between t, and t2 can be estimated graphically by drawing tangents to

1
the sedimentation curve (drawn in linear scales) at tl and t2 and find-
ing the difference of the percentages vy and Wy where these tangents
intersect the ordinate axis (30). This technique is demonstrated in
Figure 4. The corresponding settling velocity will be between H/tl and
H/tz, where H is the depth of the water above the lowest valve. If the
times are chosen so that they correspond to the settling velocities
that separate the groups in Table 1, the respective percentages simply

indicate the clay fractions (by weight) that macroscopically behave as

if they belonged to one of these groups.
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4.5.2 Discussion of results

The data plotted inFigures 5 and 6 illustrate a rather consistent
settling behavior with respect to both the type of clay suspension used
and the initial concentration of the suspension. Comparing first the
three types of clay, it can be seen that the percentage of Boston
Harbor mud settled out with time is higher than that of the kaolinite
and of the illite in all cases. This is the result of a high initial
deposition rate of the harbor mud, possibly due to the presence of non-
clay particles with higher settling rates. The illite and kaolinite
agree essentially for the two initial concentrations tested, except
during the shorter settling times in the 10 mg/% initial concentration
runs,

The dependence of the settling on the initial concentration is
more apparent than the dependence on clay type. Plotted on semi-
logarithmic scales, the points for the runs with 10 mg/f initial con-
centration form reasonably straight lines suggesting a relationship of

the following form:
% settled = a log(time)+b

where a and b are constants; a is the slope, while b is the value of
percent settled at a time of one hour. Thus, for example, the follow-

ing relationship follows for Boston Harbor mud:
% settled = 27 log(time)+30
As can be seen in the plot of Figure 5)this relationship does not hold
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at values of time less than about 1 hour and obviously at times when
the percent settled comes close to 100.

The runs with 100 mg/f initial concentration clearly show higher
deposition rates. If there were no flocculation, it would be expected
that the curves formed by the data points of a particular type of clay
would coincide, because the settling rates and therefore the percent
deposition with time would be the same regardless of concentration.
However, since flocculation occurs, the percent deposition should be
faster for a higher initial concentration due to the higher number of
collisions.

The results of these experiments seem to be quite consistent in
light of the low degree of scatter in the calibration curves (Figure 3a
and Figure 3b). The fact that the lines for 10 mg/% and 100 mg/%
initial concentration have almost identical slopes for each particular
clay implies that turbidity measurements are appropriate in principle
for determining sediment concentrations. However, the different slopes
for the different clays mean that some other factors, such as particle
size, affect turbidity also. This fact is important to consider in
making conclusions about settling rates from the experimental data, for
the grain size distribution of the material in suspension continuously
changes during the run. This is because the larger particles settle
first and also because flocculation forms new particles with different
characteristics. This problem may control the reliability in an experi-
ment such as the present one, for it is felt that the experimental

techniques and equipment introduce relatively small error (* 5%).
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From the technique described in the previous section and illus-

trated in Figure 4, the results in Table 2 were obtained.

depend, of course, upon the reliability of this technique and also upon

that of the experiment.

Table 2, Distribution of Clays Tested into Groups

These results

Percentage of Sample with
Settling Velocity (cm/sec)

2. 72x10‘4<w

Material in Concigiii:ion ws>2.45x10—3 <2.45x10—3 ° “Is<‘2°72xm"4

Suspension (mg/8) (group 3) | (group 4) | (group 5)
Kaolinite 100 29% 567 15%
Illite 100 29% 57% 14%
Boston Harbor Mud 100 417% 51% 8%
Kaolinite 10 147 48% 38%
Illite 10 297 407 31%
Boston Harbor Mud 10 43% 24% 33%

In this tabular form it can again be seen that Kaolinite and

Illite behave rather similarly, while Boston Harbor Mud has higher

‘settling rates, that is, a higher percentage is settling at the rate

of group 3.
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CHAPTER 5

THE HORIZONTAL DISTRIBUTION OF AVERAGE CONCENTRATION

5.1 Solution of the Differential Equation

The distribution of the depth-averaged concentration.z(x,y,t)

is described by Equation (3-9):

T

9 4 (0. 40 sinwt) 224 v sinwe 3 - g 2e g 3% 7
ot fs' Tst ox Ts S oy X o 2 Y 4. 2
9x dy

(5-1)

\ represent mean-weighted values over the depth,

U
where Ufs’ Ts®> 'Ts
taking into account the nonuniform sediment distribution. Following

Harleman's method (12), by the change of variables:

U
Ts
x—Ufs(t-T) + 5 (cos Wt-cos wWT)

t
E = x - f (UfS+Ui551n,wt)dt =
T
U. T
= % _ Ts t_ T -
= X Ufs(t T) + o (cos 2m T —cos 2m T) (5-2a)
t V., T
. Ts t t
= - = — - m —
n y { VTSs1n wtdt y + o (cos 2m T ~cos 2 T)
(5-2b)
s = ¢ e—a(t_T) (5-2c¢)

Equation (5-1) is transformed to:
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3 _ g s (5-3)
TR N2

3E Y an

N

For an instantaneous injection of mass of dM at time T, the

resulting distribution of ds is

52 n2
s = L 4 vy e ¥
ds = dM - L (5-4)
: - —
v lmEx(t T) % lmEy(t T)
hence, dc = ds e-a(t-T) (5-4a)
or, using the original variables:
U, T
Ts t T,,2
e[ [x—Ufs(t—T) + > (cos 2m T ~ cos Al T)] ]
_ =P 4E_(t-1)
de = dM = -
4m (t-1)VE E
Xy
V., T 2
[y + Is (cos om £ _ cos 2m I)}
expl- 21 z L a(t-1)]
*P 4E_(t-T) (5-5)

for acontinuous injection dM = midT, and integrating over all values of

T:
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UTsT t T
. [x—UfS(t—T) + o (cos Zﬂ-f - cos Zﬂ-f)] :
t xP 4E_(t-T)
T = m, X
o 4ﬂ(t-T)JExEy

VTST ‘ 2
[y + o (cos 2ﬂ<T-- cos 2T l)]
m T
exp[- RG] —a(t-t)]ldt  (5-6)
y

where m, = the mass rate of injection of suspended sediments of the

particular group of interest; m, can be written as

m, = ¥c = W.c (5-6a)

where ¥ = the volume rate of injection of the seawater-sediment

mixture (volume/time)

Coi = the initial concentration (by mass) of sediments of the
group of interest in the mixture injected
c = the total initial sediment concentration (by mass) in
the mixture injected

A = Coi/co’ the fraction of the total sediment that belongs

to the group of interest.

Equation (5~6) may be brought to non-dimensional form for
purposes of generality. Choosing the tidal period T as the character-
igtic time and the depth h as the characteristic length scale, the non-

dimensional (primed) variables are defined as follows:
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u' = Eﬁi u' = EIQ A = XZi
fs h/T ° Ts h/T °? Ts h/T?
E E —C-
E' = ZX E' = _iy— . a' = aof c' = o
x he/T y he/T i%

The non~dimensional concentration c¢' represents the ratio of the depth-
averaged concentration ¢ at (x,y,t) to the initial concentration of the

mixture for a particular group. The new form of Equation (5-6) is:

2
. U’
t' [x'—U'fS(t'—T') + 2§S (cos 2mt"-cos 2nT')]
exp[- T T
oo v ( 4E X(t T')
h3 J Aﬂ(t'—T')VE' E'
0 xy
V'T 2
[y' + ZWS (cos 2mt'-cos 27T')] :
exp[- RGED) —a'(t'-1")]dT
Yy
(5-7)

The integration cannot be carried out except by numerical
techniques. A computer program to evaluate c¢' from Equation (5-7)
was written and is presented in Appendix C.

The time until convergence to a quasi-steady state, as defined
in Chapter 3, generally depends upon the values of the various param-

eters on the one hand, and the point (x,y) of interest on the other.
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The two most important parameters are the decay rate, o, and the net
drift. Higher values of 0 will cause the solution to converge more
rapidly at all positions. The effect of the net drift, however, is
highly related to the point (x,y) of interest. For points near the
source its magnitude is not very important, but a point far from the
source may not reach steady state for a long time if the net drift is
small. This problem is discussed in Section 7.6, in relation to the
runs made for the conditions found in Massachusetts Bay.

It must be noted that in the above solution the tacit assumption
was made that the shore is not reached by the sediment 'cloud", since
no boundaries were considered., If the solution of Equation (5-7) shows
that, in fact, no significant concentrations are found near the shore,
then it is perfectly valid. Otherwise a correction can be made by means
of a graphical application of the "method of images'". In essence, the
method assumes an imaginary source symmetric to the actual one with
respect to the shoreline. The shoreline in this case has to be approxi-
mated by a straight line, since the correction would otherwise becomes
too complicated. The concentrations due to the two sources are added
together. This is graphically equivalent to "folding back" that part
of the profile of €(x,y,t) which lies beyond the boundary. It may be
recalled, however, that the model does not satisfactorily represent the‘

conditions of the near-shore area for various other reasons (Chapter 3).

5.2 Net Drift and Tidal Velocities

With respect to circulation of coastal waters, of interest to

this study are the directions and magnitudes of the tidal velocities
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and any net drift. The latter is probably the most important hydro-
dynamic factor entering into the model, since it determines in the long
run the direction and rate at which most of the sediments will move.
Each area has its own characteristics in terms of geometrical configura-
tion and prevailing meteorological conditions, both of which affect the
general circulation; thus, estimates of the above parameters are
usually difficult. The tidal velocity direction in an area does not
vary much during the year, being approximately normal to the shoreline,
while its amplitude depends primarily on tidal amplitudé. By contrast,
the short-term net drift is highly variable with the different seasons.
The prevailing direction is usually parallel to the shoreline if wind
is_insignificant and the area of interest is not too far from the shore.
The magnitude of the net drift, however, cannot be predicted by any
simple means.

Physical as well as mathematical models are being used for study-
ing circulation in coastal areas. It is beyond the scope of the pre-
sent work to determine the velocity field in detail by using such
methods.

Field measurements in the area of interest can provide valuable
information about currents. There are basically two measuring tech-
niques, current meters and drogues. Current meters give the magnitude
and direction of the currents at certain points. The method is
directly related to an Eulerian description of the flow field. This
technique is desirable if one is interested in obtaining the flow

history at specific points, for example, at the entrance to a harbor.
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A current meter can be placed at any depth and is generally used for
long-term measurements.

Drogues give the pathlines of water particles. This technique
yields basically a Lagrangian representation of the flow field. A
drogue is a fin or vane of high fluid resistance, suspended at a cer-
tain depth in the water from a flotation device. It has the measuring
flexibility of the current meter in that it operates at different
depths, but obviously the bottom must not be reached at any point along
the drogue path. For this reason, drogues cannot be used to measure
flows very close to the bottom. Because of the nature of the drogue
method, long-term records are not feasible; the drogue must be followed
by a vessel which monitors its position over time. Also, there is no
way of keeping the drogue in a particular area of interest.

In spite of these difficulties, drogue measurements give a very
valuable picture of net flows and circulations in large bodies of water.
In particular with respect to the present study, the drogue movement
simulates the path of a sediment particle in its lateral directions as
long as there are no significant vertical currents. The spreading of
a set of drogues can also provide estimates for the dispersion charac-
teristics of the area. In fact, the results of drogue studies carried
out over the last year in relation to the NOMES project were.used to
provide information on currents in the Massachusetts Bay, necessary for
the application of the model in this area (Chapter 7).

Specifically, since the number of drogues in each study is small,

(three or four), the movement of a vertical water column was examined
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under the following simplifying assumptions:

1) Between drogues at different depths, the velocity changes
approximately linearly.

2) Between the deepest drogue and the bottom the velocity
follows a portion of a logarithmic curve.

3) Above the shallowest drogue the velocity is constant.

It can be argued that these assumptions do not agree with the
logarithmic velocity profile used in Section 4.1 for the determination
of the vertical diffusion coefficient E, and consequently with the
normalized vertical distribution ¢(Z). In fact, if the velocity pro-
file were really logarithmic, its approximation by linear profiles over
the various portions above the deepest drogue would be quite acceptable.
However, the very limited field data on the vertical profile do not
lead to any conclusion about its true shape. Under these circumstances,
it is felt that the interpolation technique described above yields a
reasonable description of the velocity profile.

The objective of the assumptions stated above is to convert the
velocity profile to an equivalent step-function profile, with the values
of the steps corresponding to the drogue velocities; thus, it is pos-
sible to associate with each drogue a fraction of the water column that
moves on the average with the drogue velocity. Consequently, it is easy
to define the mean movement of the water column at any time interval as
the weighted average of the movements of the drogues at this interval,
where the weights are the fractions of the column associated with every

drogue (Figure 7).
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Schematic Representation of the Vertical Velocity Profile and the Weights
Associated with the Drogues



The mean net drift over the depth can then be computed by the
mean net movement of the water column over a complete tidal cycle. Any
deviations from this net movement during the tidal cycle are then
attributed to a sinusoidal tidal velocity. The assumption of a sinu-
soidal tide might be questionned. In many coastal areas the tide is
not even symmetrical. Due to river discharge the ebb velocities are
often higher than the flood velocities. However, most of the asymmetry
of the tide can be incorporated into the net drift term. Thus, an
"equivalent" sinusoidal velocity that, combined with the net drift,
would move the drogues in approximately the same way as the natural
currents can be evaluated. Since the interest of this study lies in
the net effects of the current system in a relatively long time scale
and not much in its detailed structure, the above approximation is
acceptable.

Ultimately, the major interest of the study does not lie in the
water velocities but, as indicated in Chapter 3, in the weighted
velocities, taking into account the.distribution of suspended sediments
over the vertical. These velocities enter into the model as the advec-
tive terms of the dispersion Equation (5-1) for any particular group of
sediments. Their estimate is quite straightforward based on the
previous considerations. The drogue records can be used in the same
way, the only difference being in the relative weights that each drogue
is associated with. They will not depend only on the fractions of the
water column as before, but rather on the areas of the normalized

vertical concentration profile lying in these fractions (Figure 7).
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Clearly, the weight on a drogue will be different for different sediment
groups.

All these computations can be organized and performed through a
computer program, which will be discussed in more detail in Chapter 7.
This program is extended to provide estimates of the dispersion coeffi-

cient as will be seen in Section 5.3.

5.3 Dispersion Coefficients

Dispersion is the most difficult parameter to estimate. Values
reported in the literature, mainly from one-dimensional studies, differ
by as much as two orders of magnitude. Fortunately enough, the solution
of dispersion equations for continuous input is not too sensitive to
changes in the magnitude of this coefficient, as already indicated in
Chapter 2.

It may be recalled that the dispersion coefficient is in fact a

sum of two terms:

a) A horizontal turbulent diffusivity €, due to large scale
eddy motions.

b) A purely dispersive term Ed’ due to velocity variations over

the depth.

The value of the first at the sea surface can be predicted quite relia-

bly by Okubo's empirical formula (22).
e = 0,01 21'15 (in cm, sec units) (5-8)

where £ a characteristic length scale, initially defined as three times
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the standard deviation of the concentration distribution along the axis
of interest. The length scale is actually a characteristic of the
region. It is not known what its relation is (if any) to the geometri-
cal characteristics of the area considered, such as the depth h or the
distance from the shore. It is conceivable, however, that the length
scale should have a relation to the maximum size of eddies that can be
developed around the source. For Lake Erie, Fochtman and Wnek (33)
report a value of & = 800 ft. for a depth of h = 27 ft., indicating a
relation £ = 30 h. With specific information about the area of interest
lacking a value of 30 to 50 h may be used for the determination of €.
Fochtman and Wnek further claim a slight linear decrease of € with
depth; the average value over the depth should be used in the model.
However, the accuracy of the estimate of € is not critical because its

\

magnitude is normally much smaller than the dispersive term Ed.
This term can be derived from one-dimensional considerations,
since the velocity field is assumed the same in all (x,y) positions.

Thus, lateral variations do not exist and a value of Ed due to velocity

variations over the vertical is appropriate. Its general form is:

Ed = )huy, (5-9)
where h = the depth

u, = the shear velocity

A = a constant of proportionality

Values for A that have been reported range from as low as 6 (Elder) to
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as high as 500 (Glover). Taylor's formula (2-5), modified for open
channels, yields A = 20, These lower values, derived from theoretical
assumptions and tested for ideal flow conditions, represent a lower
limit of the actual value of the dispersion coefficient, which is
usually higher by an order of magnitude. Harleman's suggestion for
doubling Taylor's coefficient to account for natural nonuniformities
gives A = 40. With respect to u,, an average value over the tidal cycle

seems appropriate. The shear velocity is related to the mean velocity

and the friction factor by the expression:

u, = V/E U (5-10)

It is therefore evident that Ed is not the same in all horizontal
directions but depends on the mean velocity along each axis. In fact,
Equation (5-9) and Equation (5-10) indicate that Ed is proportional to

the mean velocity (averaged over the tidal cycle) in a certain direc-

tion, provided that f can be considered constant throughout. For

1

flat bed conditions it may be assumed that f ~ 0.02; hence u, = 50 U.

Okubo (23) found that for an oscillating linear velocity profile

the dispersion term is

1 VZmaxh2
Pa,o T T T (5-11)
z
where V = the velocity amplitude at the surface

Il

the vertical diffusivity, assumed constant

™
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He also found that for a steady current having a linear profile with a

value at the surface equal to V
max

Eq,s = T20 = (5-12)

Since the mean velocity over the depth is half the value at the surface

due to the linearity of the profile

- 1/t - L =
(u*)max = 3 Jr; Voox = 20 Vpax (for f=10.02)

and for a sinusoidal oscillation

- 2 1 I
(uy) T w40 vmax T 63 vmax

Also,;:_z can be taken equal to the mean value of €, over the depth:

e, = 0.067 hu,. Substituting in Equation (5-11)

2 .2
e oo L Vma 1 (637

d,o 240 0.067 hu, 240 0.067

hu, = 250 hu,  (5-1la)

Similarly, for a steady current

Ed,s = 200 hu, (5-12a)

The estimates of the dispersion coefficients by these formulas
are an order of magnitude higher than Taylor's predictions. They are

probably overestimating the true values since a linear profile presents
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more severe velocity variations over the depth than a logarithmic pro-
file, which was previously considered (Section 5-2) close to reality.
It is proposed herein that, in case of lack of information concerning
the area of interest, a value for Vv a little higher than Harleman's,
in the range 40 to 80, may be used.

It is generally desirable to obtain some field information on
the dispersion characteristics of a specific coastal area in order to
model it more realistically. Measurements of the horizontal dispersion
coefficient can be made by monitoring the distribution over time of
some tracer injected at a point. The basic idea of the experimental
measurement lies in the fact that the variance of the distribution and
the dispersion coefficient along an axis are related by the following
equation, assuming that the distribution of the tracer is approximately

Gaussian:
2
E = 0°/2¢t (5-13)

If the variance increases linearly with time, then E is constant. In
reality, however, this is rarely the case. One of the reasons is that
most experiments have dealt with instantaneous injections. Thus, the
dispersion is expected to increase with the size of the dye patch, at
least due to the diffusion term € (Equation 5-8). The dispersion term
Ed is supposedly constant (Equation 5-9). 1In fact, though, there is no
way to have both éonstant velocity and constant dispersion. If the
velocity is constant, the variance is increasing in proportion to t2

and not to t. Fluctuations of the dispersion due to tidal variations
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make the problem of estimating a reasonable "average' coefficient even
more complicated. In the case of a continuous injection, however, the
effective dispersion coefficient applicable to the whole area of interest
is expected to be much more stable in terms of both tidal and real time.
It is worth noting that almost all previous experiments in the
sea were carried out on the surface layer. Dye was the most common
tracer used (Rhodamine B or WI). Thus, the values of the dispersion
reported for various areas refer only to the diffusion term € and more
specifically to its value at the surface layer. Dispersion due to
velocity variations over the depth could not be measured by this tech-
nique. Such measurements would require a uniform injection of dye over
the depth and an exactly neutrally buoyant dye solution. The second
requirement makes the application of dye techniques extremely difficult,
if not impossible, in view of the slightly variable seawater density
over the depth. The difficulties increase even more when it is desired
to estimate dispersion of matter distributed nonuniformly over the depth.
In fact, most of the past work on dispersion coefficients was
initiated in relation to the dispersion of pollutants, which are more
or less neutrally buoyant and hence have a uniform concentration over
the depth if injected from a vertical line source. Not much information
exists on dispersion of particles having variable concentration over
the depth, such as suspended sediments. For very fine sediments some
approximation can be made by using the values given for uniform concen-

trations.
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The drogues, which give values of the velocities encountered in
the area, can also provide valuable, although not very accurate, infor—
mation concerning dispersion characteristics. The basic requirement is
that all drogues must be deployed at the same point and at the same
time (at least approximately), but at different depths. The variance
of their positions over time must subsequently be monitored. Since they
always stay at the same depths, the variance of their positions depends
on the velocity variations over the depth. The larger the number of
drogues, the more accurate the estimate of the variance and therefore
of the dispersion coefficient according to Equation (5-13).

In order to properly calculate the variance, the drogue positions
must be appropriately weighted. The weight placed on a drogue will
depend on the sediment group considered and can be found as indicated
in Figure 7. The same program that computes the advective velocities
can be extended to calculate the (weighted) variance of the drogues
around the (weighted) mean position at various times and consequently,
from Equation (5-13), the values of the dispersion coefficient at every
time interval. An average value of the dispersion coefficient over a
tidal cycle can therefore be calculated and used in Equation (5-1). It
is evident from the above discussion that the value obtained through
the drogues variance refers to the total dispersion coefficient E =
€+Ed. Details of the computational procedures are presented in
Chapter 7, in relation to the application of the model to the Massachu-

setts Bay.
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CHAPTER 6

SYNTHESIS OF THE MODEL COMPONENTS

6.1 Concentration Distribution of a Group of Sediments

A group of sediments is characterized by its average settling
velocity, as indicated in Table 1 (Section 4.3). For such a group
the normalized vertical distribution is first computed according to
Equation (4.7). This distribution provides the necessary information
for calculating the parameters of the differential equation (5.1) of
the horizontal distribution, specifically the value of the decay
factor a, through Equation (4.12). Combined with drogue measurements
it also specifies appropriate values for the advective velocities
and dispersion coefficients as indicated in Sections 5.2 and 5.3.

The solution of the expression (5.7) for the horizontal distribution
of concentrations can then be evaluated numerically. The concentra-
tion of suspended sediments for this particular group as a function

of space and time is finally obtained by the relation:
c(x,y,z,t) = E(anst) ¢ (%) (6-1)

according to the basic model assumption.

It should be obvious that, since c(x,y,t) refers to a quasi-
steady state solution, Equation (6.1) for the determination of c is
strictly applicable for times after the convergence of the solution
for c. The solution is also not applicable for spatial coordinates

very close to the shore, as indicated in Chapter 3.
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If the numerical integration of the expression for ¢ is carried
out for times shorter than required for convergence to steady state,
an approximation of the transient behavior of ¢, and subsequently
of ¢(x,y,z,t), can be obtained. However, the results will be unreliable
for times shorter than that necessary for vertical equilibrium, which
has an upper bound of the order of T' = h2/€z; for example, typical
values in the area of interest in Mass Bay are

h=30m

u, = 0.5 cm/sec

E, = 0.067 hu, = 0.067 x 30 x 0.005 = 0.01 m’/sec
2
hence, T' =32 = 90,000 sec.
0.01

This time is approximately two tidal cycles. Hence, this is
the maximum time span after which reasonable transient results can be
obtained.

With respect to the prediction of the concentration dis-
tribution after the end of the injection, the model can give
approximate answers as long as vertical equilibrium continues to hold.
Equation (6.1) is still applicable, but now the depth-averaged
concentration is calculated with the integral of Equation (5.7)

subject to the upper limit of the time of the end of the injection.
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6.2 Total Sediment Concentration

In general, the suspended sediments introduced into the sea-
water have various sizes and settling velocities. For the purpose of
this analysis, however, they can be classified into several discrete
groups, for example into those indicated in Table 1 (Sec. 4.3).

The percentage of each group forming the total sediment introduced is
supposedly known, or can be found by measurements of settling velocities.
These group percentages are determined in terms of settling velocities
rather than of individual grain sizes. Thus, the increased settling

rate of the clay fraction due to flocculation can be accounted for by
including percentages of the clay material in the higher settling
velocity groups. The settling tube experiments (Section 4.5) make

it possible to obtain values for the assignment of the clay function

to the other groups. These values will vary with such factors as

the type of clay and the initial concentration of sediment.

For each group, the concentration c(x,y,z,t) can be found
by the model, as summarized in Section 6.1. Under the assumption
that the distribution of particles of a group is independent of the
presence of particles of another group, the total concentration of
suspended sediments can be found as a weighted sum of the individual
group concentrations at any point (x,y,z,t). The weights for this

calculation are defined by the composition of the mixture introduced.
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It may be noted that, even if the ideal conditions assumed
in the model actually exist, an instantaneous measurement of suspended
sediment concentration at some point cannot be expected to agree with
the above calculated c(x,y,z,t). Due to random turbulent fluctuations
in velocity and concentration, the solution is considered to represent

an average value of c(x,y,z,t) over some period of time At.

6.3 Rate of Deposition

The amount of sediments deposited at the bottom is quite
important from the point of view of ecological balance.

The concentration near the bottom is at any time equal to
c(x,y,0,t) = ¢(0) ¢ (x,y,t)

and the rate at which the particles reach the bottom is ws¢(o) c (x,y,t).
Recalling that A is the overall probability that a particle
settling to the bottom stays there, the rate at which particles of

a certain group are deposited at the bottom follows as:
D=Aaw_ ¢() c (x,y,t) (6-2)

in units of mass/time x area, provided the sediment concentration c
is expressed in mass per unit volume as a function of location and
time. The spatial integration of D for any group over all x, y
values should equal the rate of injection of sediment of this group,
i.e.,

f f D, dxdy = m, = A ,¥c (6-3)
i i i o
all x,y
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It is conceptually simple to find the amount of sediment

\

deposited between times tl and t2 at a particular point (x,y), more

specifically in a unit area about a point. It can be computed as:

t2 tz t2
J Ddt = [ Aws ¢(o) ¢ (x,y,t) dt = AWS ¢ (o) [ c (x,y,t) dt

t t t
1 1 1 (6-4)
provided that steady state has been reached before ty.

The thickness of the layer of sediment deposited is
t
2

[ a

t
1

§ = o 6-5
5 (6-5)

e

where Pe is the effective density of the material, considering it

to be loosely deposited, that is,

< -
Pu < Pe < Ps =~ Py
where Pq is the sediment density

Py is the density of seawater

It is evident that the amount deposited should be calculated
for each group separately and then added together to obtain the
total deposition.

The computation of the amount 'deposited requires a further
numerical integration. It can be approximated by multiplying the
average steady state deposition rate, ﬁ(x,yL by the duration of

dredging. This D can be obtained to the desired accuracy by averaging
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the values of D for various tidal stages at a particular point.
This technique is only applicable in the case of dredging of long
duration, implying that the steady-state phase lasts much longer

than the transient phase.
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CHAPTER 7

APPLICATION OF DREDGING IN MASSACHUSETTS BAY

7.1 General Comments on the Project NOMES

In 1972, the National Oceanographic and Atmospheric
Administration (NOAA) launched a three-year project to study the
environmental effects of offshore mining for sand and gravel in the
Massachusetts Bay as Project NOMES (New England Offshore Mihing
Environmental Study). Various physical, chemical and biological
parameters were to be monitored before, during and after the dredging
operation which was scheduled for the summer of 1974. An extemnsive
data base was to be provided to develop mathematical models for the
prediction of the environmental impact of future dredging operations
and for the development of legal regulations of such activities.

The inability to find an economical use for the large amount
of dredged material led to the termination of the project in the
summer of 1973, after some baseline studies had been conducted.

This model was developed at M.I.T. under the belief that the
experimental dredging would provide an excellent opportunity to study
the dispersion of fine suspended sediments which are inevitable by -
products of such operations. The model efforts were continued
after the termination of the project in view of the data already
obtained and of the importance of such predictive capacilities

for the coastal zone.
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As one of the activities of the NOMES project, an extensive
dispertion experiment was carried out by NOAA's Environmental
Research Laboratory in collaboration with several other institutions
in June 1973, just prior to the termination of the project. A large
quantity of small glass beads and sphalerite particles was dumped at
the proposed dredging site and the concentrations of both were monitored
for 11 days at various locations in the Mass Bay (21, 13). The
injection of the particles was almost instantaneous and near the sea
surface. However, the results of the experiment should be useful
at least for a qualitative comparison with the model predictioms.
Current observations by drogues were conducted by M.I.T.
during this experiment as well as earlier in the past year and
provided the hydrodynamic parameters for the application of the
dispersion model.

In this chapter the procedures for the collection and analysis
of these data are given and the validity of the model as applied to

the Massachusetts Bay is discussed.

7.2 The Sediment Source

The NOMES operation was scheduled to run for a period of six
weeks with a hopper dredge having a capacity of 10-15 thousand cubic
yards of sediment, to be collected in 1 1/2 to 3 hours (3). An
estimated 5% of the sediments would consist of fines less than 100p
in diameter. While the sediment is pumped into the dredge, the fines

are discharged back into the sea as overflow with the seawater.
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It was estimated that between successive dredging periods, 6.8 non-
working hours would be required by the dredge for the roundtrip to
the dumping site at a desired location. With 15,000 yd3 of sand

and gravel dredged in 1 1/2 hours, the amount of fines introduced is:

0.05 x 15,000
1.5

= 500 yd3/hr (7-1a)
or

500 x (0.91)°
3600

m3/sec = 0.1 m3/sec (7.1b)

Despite the fact that the operation is intermittent, the long
duration of the dredging (6 weeks) relative to non-working intervals
permits to approximate the steady state actually reached as one of

an "equivalent" continuous injection. With the working times of 1 1/2
hours and the intervals in between of 6-8 hours, the equivalent
continuous injection of fines would result in a rate of discharge

of about 20% of that calculated in (7.1) or

¥ = 0.02 m3 fines/sec (7-2)

This is not necessarily valid if the working hours coincide always
with the same parts of the tidal cycle. However, it is reasonable to
assume here that the working hours occur more or less during different
parts of the tidal period.

The volume rate defined above refers to actual volume of
fines. If the material were in a compact state its density would
approach 2.65 gr/cm3. Since in this case the material is loose, it

is assumed herein that the concentration of the volume injected is
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approximately 1 gr/cm3 or 106 mg/L.

The dredge site was to be located at latitude 42°21' North
and longitude 70°49' West, as shown in the chart, Figure 8, and has
an area of about 0.8 by 0.5 nautical miles. For the application of
the model, the source is assumed to be located at the center of this
area. It is also assumed that there is enough mixing caused by the
nature of the injection to consider it as a uniform line source.

The bottom depth is assumed constant and equal to its value
at the dredging site, i.e., 30 meters. The complex shoreline can be
approximated by a set of straight lines, as also shown in Figure 8.
This configuration makes it possible to deal with cases in which the

sediment "cloud" reaches the shore, as discussed in Section 5.1.

7.3 Composition of the Initial Mixture

As indicated in Chapter 3, the application of the model calls
for a separation of the fine sediment discharged into several groups,
each characterized by its average settling velocity. The separation
displayed in Table 1 will be followed.

Grain size distribution data for the fines of the dredging
area are essential. In the case of Mass Bay, about 70 core samples
have been obtained from various locations and depths. Grain size
distributions of the fines have been obtained through hydrometer
analyses at the University of New Hampshire (32). The samples
indicated a very consistent composition in the range below 60y,

primarily containing inorganic clay of low plasticity and inorganic silt.
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The specific gravity of the samples ranged from 2.30 to 2.90, averaging
2,60 - 2.65. This value for specific gravity indicates that
Equation (4.13a), from which the settling velocities in Table 1 were
derived, is valid.

The results of the UNH studies were presented in the form of
classical grain size distribution curves. 1In terms of the 5 groups
presented in Table 1, these curves yielded the following average

sample composition:

fine sand 60y < d < 100u 10%
coarse silt 20u < d < 60u 137%
medium silt 6n < d < 20y 147%
fint silt 2p < d < 6u 13%
clay d < 2u 50%

However, the grain size of the particle is not the most impo;tant
quantity for the model. The critical factor is the settling
velocity, Vo which is indeed a function of grain size, but Which

is also influenced by other factors, such as shape, surface; and
state of flocculation. Because the clay fraction of the fines is
most affected by flocculation, a number of settling tube experiments
on various clays were performed (Section 4.5). According to the
results, the clay fraction can be distributed into different settling
groups. A settling tube experiment with material from the bottom of
the dredging site had been planned, but the termination of the

project did not allow the necessary sampling., Based on the results
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of the runs with other fine materials with 10 mg/% initial concentra-
tion, as was shown in Table 2 (Section 4.5.2), it may be assumed that

the clay fraction contributes to the following groups, in terms of

settling rates:

w_ = 0.68 x 1074 35%
w_ = 1.36 x 1073 40%
w, = 1.43 x 1072 25%

The results of the 10 mg/% initial concentrations were used instead
of the 100 mg/%, because the former is more representative of
the concentrations possibly predominating about the source due to
the injection rate calculated in Section 7.2.

Incorporating these results with the data obtained by UNH,
the resulting distribution into groups was computed and is shown in

Table 3.

Table 3: Composition of Dredging Fines in Terms of Settling Velocity

Group No. Mean Settling Velocity Percentage of Fines
(cm/sec)
1 0.462 107
2 0.136 13%
3 0.143 - 107 27%
4 0.136 - 1072 33%
5 0.68 + 107 17%
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7.4 Background Concentrations of Suspended Sediment

Because of the nature of the mathematical model, a non-zero
value of concentration, ¢, will be obtained at all spatial positions.
Of course, very small values will be overshadowed by the "ambient"
sediment concentrations existing under natural conditions. Thus,
background data are needed to determine the extent of the dredging
impact. Any position with a concentration increase of at least the
same order of magnitude as the ambient can be considered "affected"
by the dredging.

Beginning in January 1973 suspended sediment measﬁrements
were taken in Massachusetts Bay under the NOMES project. Samples
were analyzed through filtering techniques and through light
scattering by means of the turbidimeter described in’Secﬁion 4.5,
The correlation of turbidity with sediment concentrations appears
rather encouraging, at least for the low concentrations encountered
in the Bay, as was seen in Figure 2. Details of the procedures of
monitoring turbidity and suspended sediments are given by Frankel
and Pearce (10).

The measurements indicate an average suspended load in the
Bay of about 1 mg/f%. This includes both organic and inorganic
matter., Consequently, the areas of actual dredging impact are those
for which the concentration increase is of the order of this value.
The dredging effect can be considered minor in areas with a much

smaller amount of concentration increase. In addition, the effects
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of the shoreline, as discussed in Section 5.1, need not be
considered if the concentrations obtained by the model are very small

near the shore.

7.5 Determination of Parameters from Drogue Data

As was explained in Chapter 5, current measurements are
extremely important to the model. With respect to the application of
the model in the Massachusetts Bay the only suitable field data were
obtained through three drogue studies carried out in the first part
of 1973. The type of drogue used is shown in Figure 9. During each
of these studies three or four drogues were deployed at various
depths at approximately the same point. They were then tracked for
at least a full tidal cycle, their positions being recorded approximate-
ly every hour. These data made it possible to obtain values of the net
drift, of the tidal velocities, of the dispersion coefficients along
with some information on the velocity variations over the depth.

The pathlines of the drogues in these studies are given in Figures
10, 11 and 12. A full account of the methods and instrumentation
used can be found in a report by the authors (4).

A computer program has been developed to carry out the
evaluation of the model parameters from the drogue data and the actual
computations of the model. The procedure is divided essentially
into two parts. First, the drogue and sediment data are used to solve
the vertical concentration distribution, to obtain average net drift

and tidal velocities, and to compute the decay rate and dispersion
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Input drogue data and sediment settling velocities
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Rearrange drogue positions in constant time increments
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5. Compute mean-weighted drogue

positions with time

6. TIDVEL: find tidal and current
magnitudes and directions

7. Rotate coordinate system
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drogue positions with time

I
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Figure 13
Flow Chart of Model Procedures
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coefficients. 1In the second part, this information is used to solve
the horizontal dispersion equation (5.7). The first .part procedure is
outlined in Figure 13 and described step by step below. The FORTRAN
source program is listed in Appendix B.

1. The first step is the input of the drogue and sediment data
along with other necessary information. For each drogue, a series

of positions and times is given denoting the drogue path. The drogue
depth and the mean depth of the bottom over the drogue path is also
required.

The only sediment data needed are the settling velocities for
each of the 5 different groups of particles shown in Table 3, with
the initial concentration of each group.

Other additional information includes values for the analysis
starting time and the time increment to be used in Step 2, a depth
increment for the integration of the vertical sediment distribution
(Step 12), and a value for Von Karman's universal constant, k.

2. The drogue data are adjusted next so that a specified time
interval exists between drogue positions. This requires interpolation
between the actual drogue positions, which should not introduce any
significant error since there are enough actual data points in the 3
drogue studies being analyzed. The results of this operation yield a
table of simultaneous drogue positions, North and East, with the

corresponding times evenly spaced.
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3. The weights attributed to the drogues are computed by the
technique described in Section 5.2,

4, The drogue paths are all translated in space so that each
drogue starts at position (0,0). This step simplifies the velocity
and the dispersion calculations. It does not introduce significant
error, since the initial positions of the drogues are close together
in all cases.

5. The mean drogue positions at different times are calculated.
(The need for the simultaneous drogue positions as computed in

step 2 is now clear). The drogue positions for each time are not
simply averaged, they are averaged with respect to the weighting
factors computed in Step 3 or Step 13. From these, the mean-weighted
velocities are calculated.

6. The Subroutine TIDVEL computes the tidal and net drift veloci-
ties. The procedure begins by selecting the drogue record covering
one full tidal cycle (see Figure 14). The distance the drogue travels
in this period divided by the tidal time, 12.4 hours, is denoted the
net drift velocity; the direction of travel is the net drift directiom.
The remaining deviation about this net drift is considered to be due
to the tidal current. The maximum deviation to the left and to the
right of the net drift is calculated. Both distance and direction
for these maxima are recorded. The difference between these two

vectors is the total movement due to the tide, 22T. (see Figure 14).
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An equivalent sinusoidal tide, that is, one which causes
the same total movement, should have a maximum velocity given by

the formula:
U+ V. =5 5= — (7-3)

The direction of the equivalent tide is also given by the direction

of the vector ZQT.

7. The coordinate system is now rotated so the new x-axis is

in the direction of the net drift.

8. The variances of the weighted drogue positions at times found

in Step 2 are now calculated for both the x and y axes. (Due to the
previous rotation, these variances are in the direction of the

net drift and normal to the net drift).

9. From these two series of variances, the dispersions in the x and
y directions are found. The formula for the determination of

dispersion from the variance is

2(At) (7-4)

where 02 is the variance

t is the time
From this it can be seen that the dispersion may be a function of
time. It has been generally found that the dispersion increases
slightly with time. This is probably due to the fact that as the

drogues spread, they may enter zones of different eddy motions,
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characteriéed by different length scales. Thus, their motion is
more subject to random influences as they spread further apart.
However, as mentioned, constant dispersion coefficients from
averages over a tidal cycle will be used in this study.

10. In subroutine CONVRT, the average dispersion coefficients over
the selected tidal cycle are calculated. Also, the components of
the tidal velocity along the net drift and normal to the net drift

are found.

11. In subroutine USTA the shear velocity, u,, is found from:
u, =/% U (7-5)

where f is the roughness coefficient

Um is the magnitude of the mean water velocity
A value of the roughness coefficient, f, equal to 0.02 was used.
This value is appropriate as a mean value for flat bed conditioms.
It should be noted that the water velocity used includes both the
tidal and the net drift components of the current. In other words,
the total length of the path line of the mean drogue positions over
one tidal cycle divided by the tidal time constitutes the magnitude
of Um.

Up to this point, the procedure deals with purely hydrodynamic
characteristics, the main purpose being to define an appropriate value
of u, for the determination of the normalized vertical sediment

distribution.
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12, The integration of Equation (4.8) is performed in subroutine
PROFIL, to yield the solution of the normalized suspended sediment
distribution in the vertical direction, ¢(Z), for a particular
settling velocity W

13. In subroutine WEIGHT the normalized sediment distribution,

$(g), found in Step 12, is used to compute the weights for the drogues,

based on the vertical spacing of the drogues, in addition to the values
of ¢(g) at the drogue depths. The complete computation technique was
discussed in Section 5.2. For this new set of weights the procedure

is repeated beginning with Step 5 but with the exception of Step 11.
Instead of the mean water drift and tidal velocities, the respective
mean transport rates for a certain group of sediments (identified by
its settling velocity) are now calculated. Similarly, instead of the
dispersion coefficients of the water body, the effective dispersions,
appropriate for the various sediment groups, are found.

It may be noted that the coordinate system for each sediment
group will be slightly different due to the different values of the
drift direction obtained for each case. This is reasonable in
view of the directional differences for the drogues at various
depths and of the "heavier" particles being dominated by the velocities
at lower depths. However, the "lighter" particles, being distributed
more evenly over the depth, will be affected by the velocities at
all depths. The values of the parameters obtained from the data of

the three field trips are presented in Tables 4, 5, and 6.
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Table 4

Parameters for Conditions of February 21-22, 1973

Mean depth h = 25m Shear Velocity u, = 0.533 cm/sec
Dimensional parameters Units|Grp 1{Grp 2|Grp 3|(Grp 4|Grp 5
Net drift magnitude, Ufs cm/sec| 5.28[ 6.82) 8.10] 8.24{ 8.24
Max tidal velocity, :erwés cm/sec| 9.62{10.52{10.16/10.10{10.10
Max tide along drift axis, Urg cm/sec| 7.26| 7.34| 6.48] 6.36| 6.36
fax tide moxmal to drift axls, | cm/sec| 6.30| 7.52| 7.84| 7.84] 7.8

Ts 5
Dispersion along drift axis, E 10 1.85( 1.18| 0.83{ 0.78( 0.78
x|cm” /sec
. . . . 5
Dispersion normal to drift axis, 10 0.008! 0.20l 0.25] 0.24] 0.24
E cm /sec
7 5
Average horizontal dispersion, 10
/E;f; cmz/sec 0.12 | 0.48] 0.46| 0.43{ 0.43

. 3 3 °

Drift direction Erom _55 60| -65| -66! -66

. . o

Tidal direction grom -14 ~14 -15 -15 -15
Angle between drift and tide degrees| 41 46 50 51 51
Dimensionless parameters

Net drift magnitude, UfST/h 96 125 148 151} 151
Max tidal velocity, (¢6§S+V§S)T/h 166 192 184 184 184
Max tide along drift axis, UTST/h 132 134 118 116] 116
Max tide normal to drift axis, VTsT/h 116 138| 144 144 144
Dispersion along drift axis, Ex-T/h2 870 860 610 575 570
Dispersion normal to drift axis, Ex'I'/h2 6 150( 182| 175 175
Decay factor, aT 101 |°10.1} 0.32{0.025{0.001

Values for the parameters of the water itself are identical to those

of group 5
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Table 5
Parameters for Conditions of March 28-29, 1973

Mean depth h = 30m

Shear Velocity u

= 0.479 cm/sec

*
Dimensional parameters Units|Grp 1|Grp 2[Grp 3]Grp 4[Grp 5
Net drift magnitude, U cm/sec| 2.83| 6.53| 8.83| 9.05{ 9.07
Max tidal velocity, %S+Vis cm/sec| 2.74| 5.66| 6.36| 6.38| 6.38
Max tide along drift axis, Urg cm/sec| 1.44| 2.76| 2.56| 2.46| 2.44
fax tide mommal to drift axis, | .p/gec| 2.32| 4.94| 5.84 5.88] 5.88
Ts 5
Dispersion along drift axis, E_| 2%°° | 3.32| 3.24| 1.74| 1.57| 1.55
X|cm” /sec
Pispersion moxmal to drift axis) 195 |0.001|0.036| 0.14] 0.15] 0.15
y cm /sec
Average horizental dlsper31on’ 2105 0.058!0.34 0.49| 0.48| 0.48
Xy cm /sec
N . . (-]
Drift direction Erom —40 -39 _37 _37 -37
Tidal direction érom 18 21 29 30 30
Angle between drift and tide degrees| 58 60 66 67 67
Dimensionless parameters
Net drift magnitude, UfST/h 43 99 134 137f 138
Max tidal velocity, (A;S+V§S)T/h 42 | 86 96| 96| 96
Max tide along drift axis, UTST/h 22 42 40 38 38
Max tide normal to drift axis, VTsT/h 36 54 88 90 90
Dispersion along drift axis, EXT/h2 1680 |1640 8801 790| 785
Dispersion normal to drift axis, EyT/h2 1 18 70 76 77
Decay factor, oT 87 | 9.3 | 0.27/0.021{0.001

Values for the parameters of the water itself are identical to those

of group 5
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Table 6

Parameters for Conditions of June 11-12, 1973

Mean depth h = 35m Shear Velocity u, = 0.433 cm/sec
Dimensional parameters Units|Grp 1{Grp 2{Grp 3|Grp &4|[Grp 5
Net drift magnitude, Ufs cm/sec] 2.14| 4.58| 6.80| 7.06) 7.09
Max tidal velocity, %S+V%s cm/sec| 3.10| 5.68| 6.38] 6.48]| 6.50
Max tide along drift axis, UTS cm/sec| 3.10| 5.69| 6.16] 6.16] 6.18
tax tide normal to drift axis, | .p/sec| 0.14] 0.22| 1.70| 2.02| 2.06

Ts
Disgersion along drift axis, §05 1.27] 1.50| 1.41| 1.34] 0.94
X cm /sec
Dispersion normal to drift axis) 105 0.002f 0.22] 0.84| 0.93] 0.94
E en? /sec
y
Average horizontal dispersion, 105
»/'Ej_xE"y cm?/sec|0.050| 0.57| 1.09| 1.12f 1.12
) . . [-)
Drift direction Efrom 40 42 4l 40 40
(-]
Tidal direction SO 43| as | 57| s8 | s8
Angle between drift and tide degrees 3 3 16 18 18

Dimensionless parameters

Net drift magnitude, UfST/h 28 60 89 92 92
Max tidal velocity, (V6§S+V§S)T/h 40 74 83 84 84
Max tide along drift axis, UTST/h 40 74 80 80 80
Max tide normal to drift axis, VTST/h 2 4 22 26 26
Dispersion along drift axis, EXT/h2 470 | 560 | 525 | 500 | 495
Dispersion normal to drift axis, EyT/h2 1 85 | 315 | 345 | 350
Decay factor, oT 80.5 | 8.85|0.237{0.0180.001

Values for the parameters of the water itself are identical to those
of group 5
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Once the hydrodynamic parameters (mean transport rates and
dispersion coefficients) and the normalized vertical concentration
profiles of the sediment groups in each drogue study are determined,
they are used to solve the horizontal depth-averaged dispersion

equation. The decay factor, o, is computed as
o= Aw_ ¢$(0)/h

wherein A is assumed as unity. All parameters are expressed in non-
dimensional form, using the depth h as the reference length and the
tidal period T = 45600 sec as the reference time. Then the
integration (5.7) is performed numerically, using a non-dimensional
time increment of %E- = 0.05.

The lines of equal concentration for each case are plotted in
Figures 15, 16, 17. This is done only for groups 3, 4, 5. Groups
1 and 2 do not yield any significant average concentrations at
distances more than a mile from the source. For purposes of comparison,
each figure was drawn as if the input consisted 100% from sediments
of the respective group. To get the actual concentrations, the

values presented must be multiplied by the percentages shown in

Table 3.
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7.6 Results and Discussion

Several things can be noted about the values of the parameters
listed in Tables 4, 5, and 6.

First, there is a consistent increase of the mean transport
rates both tidal and non-tidal, from group.l to group 5. This
was expected, since the lower velocities near the bottom are more
heavily weighted in the first sediment groups. The differences are
very slight between groups 3, 4, and 5 because of their nearly‘
uniform vertical profiles. The tidal velocities are higher in
February, when the tidal amplitude was larger. The drift velocities
are generally of the same order of magnitude as those of the tides.
The ratio of tidal to drift magnitudes is larger for the first
groups, possibly indicating a more uniform tidal profile, with
relatively high velocities near the bottom. The drift velocities of
about 7-10 cm/sec for the water itself are in good agreement with
values reported from other studies and discussed in more detail in
another report by the authors (4).

The prevailing drift direction is SE. 1In June, the drogues.
after moving for several hours to NE, changed direction and continued
SE, which was the direction of the March and February drogues, also
(Figures 10, 11, 12). The direction of transport is very much the
same for all the groups, on each cruise, the difference among them
being much smaller than the differences between the three cruises.

This indicates that the water moves at approximately the same
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direction at all depths. It should be mentioned here that the
shallowest drogue is at a 7m depth, thus directional changes near the
surface, due to short-duration winds, could not be measured; also,
drogues were not placed close to the bottom to avoia interference
with the sea bed.

The shear velocity did not change much in the three cases,
having an approximate magnitude of 0.5 cm/sec.

With respect to the dispersion coefficients, it is seen that
the effective value of the longitudinal dispersion (i.e., along the
drift direction) decreases from group 1 to 5. This is because of the
presence of high concentrations of group 1 near the bottom, where
the velocity gradients are higher. By contrast, the lateral dis-
persion (i.e., normal to the drift direction) increases markedly from
group 1 to 5. Due to the absence of any constant shear flow normal
to the net drift, the nonuniform suspensions are not easily dispersed.

The average horizontal dispersion for the water body defined
as the geometrical mean of the two values is remarkably similar in
February and March, but twice as high in June. This increase is
mostly due to the lateral dispersion. It may be due to the stratified
conditions prevailing in June, in contrast to February and March.

In Table 7, theoretical predictions for the eddy diffusion terms by
Okubo's formula (Section 5.3) are presented for £ = 30h. Also shown
are the dispergion terms, following the formula Eu = Ahu,, where ‘éd

u, in any direction is assumed to be 1/20 of the mean velocity
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Table 7

2
Dispersion Coefficients (105'cm /sec)

February March June
Eddy Diffusivity ¢ 0.040 0.050 0.060
Ed along drift axis
Elder () = 6) 0.092 0.106 0.132
Taylor (A = 20) 0.305 0.350 0.430
Harleman (A = 40) 0.61 0.70 0.85
A= 80 1.22 1.40 1.70
Okubo (A = 200) 3.05 3.50 4.30
Measured values 0.78 1.56 1.33
Ed normal to drift axis
Elder (A = 6) 0.038 0.036 0.014
Taylor (A = 20) 0.126 0.120 0.050
Harleman (A = 40) 0.26 0.24 0.10
A= 80 0.52 0.48 0.20
Olubo (A = 200) 1.30 1.20 0.50
Measured values 0.24 0.15 0.94
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magnitude in that directionm.

It is seen that estimates, with values of A 40 to 80, are in
most cases close to the true values; only the dispersion normal to the
drift axis in June is severely underestimated.

The dispersion patterns resulting from the model for the
three sets of conditions (Figures 15, 16, 17) clearly indicate that
the drift direction is the most important hydrodynamic feature
affecting the movement of suspended matter for the conditions
investigated. Unfortunately, it is highly variable. The assumption
of a constant drift is too restrictive and does not in general
represent natural conditions. The drift direction changes both in
time and space, as the result of wind shifts, inlets, general
circulation, etc. The prevailing direction, however, for Western
Massachusetts Bay, seems to be SE. Occasional changes of the drift
from this direction may conceivably spread the sediments more in the
lateral direction and less in the longitudinal. Thus, the model
results overestimate the length but underestimate the width of a
natural dispersion plume. If the drift were truely constant, the
narrow isoconcentration lines would be quite reasonable. The
material could not spread much due to the assumed lateral uniformity
in the velocity field. The value of the dispersion coefficient
normal to the drift axis becomes then the primary factor influencing
the width of the isoconcentration 1lines. This is evident by

comparison of the March and June plots (Figures 16, 17). The tide,
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as will be seen later, does not materially affect the width but just
moves the plume back and forth, about the drift direction. The
value of the dispersion coefficient along the drift axis is, by
contrast, quite insignificant in light of the very important role of
the drift velocity in determining the total length of dispersion.
This can be seen by comparing the lengths of the plots of February
and June (Figures 15, 17).

However, the decay factor, o, a function of the sediment
settliﬁgvvelocity, is even more important in determining the extent
of the plume of the suspended matter. This is readily seen by
comparing the plots for groups 3, 4 and 5 for any set of conditioms,
although the advective and dispersion terms are approximately the same
for the three groups. The importance of A becomes now clear. If it
were taken as 0.5 instead of unity, the result would be the same as
if the settling velocity were divided by 2.

The time needed for the solution to reach steady state at a
particular point was found to depend primarily upon the decay constant
and the magnitude of the net drift. This time, expressed in number

of tidal cycles, can be approximately given as

L
n—',i,;-u—f--i’li (7-6)

wherein L = distance from the source

Uf= net drift velocity.
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This holds, provided the decay factor is such that significant
concentrations are eventually found at the point under consideration.
Thus, the time to convergence for the model runs was less than 5
tidal periods for groups 1 and 2, about 12 for group 3, 20 to 25 for
group 4 and more than 30 for group 5. In fact, the plots presented
in Figures 15 and 16 for group 5 are for a time of 30 tidal cycles,
due to restrictions in computer time. The equilibrium profiles are
slightly longer. Of course, for points near the source steady state
was reached much sooner for all groups.

In order to provide more specific information on the effects
of a possible dredging operation, representative values for the
parameters of the model, estimated from those appearing in Tables
4, 5 and 6, were used for another run of the model. The valuesAused
are listed in Table 8. The normalized vertical profiles for the
5 groups are shown in Figure 18, The decay factors were computed as

ws¢(0)

@ =5 considering A = 1.
The results of the depth averaged concentration c are

presented in Figure 19, in distorted scales, the x-axis being parallel

to the net drift direction. The coordinates are presented in non-

dimensional units, i.e., multiples of the depth. The distances to

which several concentrations extend are tabulated in Table 9.

The effect of the tide, as seen in Figure 19c, is basically

a shift of the isoconcentration lines along the tidal direction.
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Table 8

Average Condi

tions

Depth h = 30m

Shear Velocity u, = 0.5 cm/sec

Non-dimensional Parameters Group 1{Group 2|Group 3|{Group 4|Group 5
Net drift magnitude, UfsT/h 50 90 125 130 130
Max tidal velocity,

62 2 80 110 120 120 120

( Ts + VTS)T/h

Angle between drift and tide, 50° 550 60° 60° 60°

degrees

Dispersion along drift axis,

Ex T/h2 1000 | 1000 650 600 600

Dispersion normal to drift '

axis, E T/h2 3 80 150 160 160

y .
Decay constant, oT 87.3 8.95 0.27 0.021{ 0.001
Table 9
Length, in Multiples of the Depth, of Area
with Concentration T Larger than Indicated
(for average conditions)

c (mg/%) Group 1 Group 2 Group 3 Group 4 Group 5
0.5 20 60 750 - -
1.0 18 50 510 2000 3600
2.0 16 40 280 850 1080
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The dependence on tidal time is more pronounced in the vicinity of
the source, where the width of the pIume is small. However, the
model is not reliable in such small distances, as discussed in
Section 3.2,

As was indicated in Section 6.3, the deposition of sediments
on the bottom over a period of time can also be evaluated by the
present model. Naturally, the limitations concerning the reliability
of results for the suspended matter also apply to the results for the
deposition. As an example, the average deposition rates (mass per
unit time per unit area) are shown in Figure 20 for the sediment
group 3, under the average conditions stated in Table 8. The
average of the values of c at high and low water at a point was
taken as a representative value over the tidal cycle. Hence, the
average deposition rate was computed by multiplying this value by
W $(0). The resulting iso-deposition curves are almost symmetrical
about the drift axis. They are valid after steady-state has been
reached. By multiplying the values given on the figure by the
duration of dredging, the amount of sediments deposited at various
locations can be found. This amount, as well as the rate of
deposition, are quite important from an ecological point of view.
Nevertheless, even more important for an overall assesment of the
dredging impact are the percentages of the total sediment discharge

settled within a certain distance from the source.
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An approximate calculation was carried out in the following
way . Tﬁe areas of the iso—deposition lines of Figure 20 were measured
by a planimeter and, by assuming linear interpolation between the
curves, the total deposition in gr/tidal cycle within each curve was
computed. These quantities were related to the total amount
injected which is 0.02 x 106 x 45600 = 912 x 106 gr/tidal cycle.
The results are presented in Figure 21, It must be pointed out that
the linear interpolation used overestimates the true percentages
that are deposited within a certain area. For an accurate calculation
many more iso-deposition lines between those of Figure 20 are needed.
With respect to the verification of the model, adequate
information is lacking for the time being. The actual dredging
operation in the summer of 1974 would have been an excellent
opportunity for a quantitative evaluation of the model's weaknesses
and for its improvement. The previously mentioned ''glass bead
study" (Section 7.1) can provide only qualitative information,
mainly because it involved an instantaneous injection. At this
time only preliminary data on the number of sphalerite particles found
in suspension in various places in the Bay during the experiment are
available (13). A total amount of 2.9 x 1015 sphalerite particles
was introduced into the sea. The predominant particle size was
between 1 and Sﬁ but their density was larger than that of the natural
silt or clay, being about 4.0 gr/cm3. Therefore their settling

velocities are close to those of the sediment groups 3 and 4 considered
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in this study. The plume closely followed the mean drogue path
(Figure 12), thus confirming the primary importance of the drift
direcﬁion. The particles moved initially E-NE and ultimately SE.
Their spread about the mean direction was large, and apparently
due to the changes in the drift with time and space. The presence
of concentrations of 300 particles/liter in Cape Cod Bay 5 days

or 10 tidal cycles after the injection indicates a net SE drift of

25n. miles

about 5 days

= 5n., miles/day =~ 10 cm/sec, which confirms the
average values obtained from the drogue studies. The drogue data
cover a relatively small area around the proposed dredging site and
the conclusions based on these should not be extended to the

entire Bay without reservation. The drift velocity is possibly
higher in the Southern part of the Bay, and a circulation pattern

is probably present around Cape Cod Bay. The fact that the beads
travelled all the way to Cape Cod, a distance of about 1500 times
the depth, further indicates that the model predictions with respect
to length of the dispersing plume are close to reality. It may be

mentioned that at the time of the glass bead study such a distance

of travel was quite unexpected.
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ERRATA - T. R. #179

Page 10: 4th 1ipe should read

m = Mass rate of injection of the sediment mixture
Page 12: 10th line should read

V = Kinematic viscosity
Page 33: Equation (3.10a) should read

s 1 % 3
0 =35 100 - ¢+ =5 [, 50 = (e, 5 ]
h z=0 =1

Page 71: 4th lipe

Vv should be A
Page 80: 20d Jine from the bottom should read

predictive capabilities

Page 124: Reference 1 should read

Environmental Equip. Div., EG&G, Waltham, Massachusetts,
December 1972



CHAPTER 8

CONCLUSIONS AND RECOMMENDATIONS

The model presented herein was necessarily based on simplifying
assumptions, so that an analytical solution could be found. It is
basically intended to give the equilibrium distribution of suspended
sediments, injected from a continuous vertical line source. The
transient behavior of the dispersing sediment plume can also be esti-
mated under certain conditions (as indicated in Section 6.1). In
addition, information is provided on the deposition patterns to be
expected from such a continuous source of sediments.

The relative importance of the various parameters entering into
the model, investigated in Section 7.6, is established and it is shown
that the net drift and the sediment settling velocity are the primary
factors determining the distribution of the suspended matter around the
source. Also of importance is the dispersion coefficient in a direction
normal to the net drift.

A technique was developed for the analysis of drogue data to
yield values for the advective and dispersion terms, taking into account
the nonuniformity of the sediment distribution over the vertical.
Actual data were used for determining these values for the Massachusetts
Bay. However only 3 or 4 drogues were used in each case, and the
tracks covered in the field studies were relatively short. More exten-
sive data, for longer periods of time, are needed in order to estimate

the hydrodynamic parameters over the long distances that the fines are
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expected to travel according to the models results. In the analysis
of such long-term drogue data the change of net drift between tidal
cycles can be incorporated to yield an approximate net water movement
composed of a sequence of linear segments in the appropriate directiomns.
In that case, the model could be modified and the plume adjusted so as
to follow the changing net drift direction. In this way the model could
be extended to any form of water movement prevailing in a certain area.
The tidal component could also be similarly adjusted. The assumption

of constant net drift in the present model does not reflect natural con-
ditions in view of the resulting long dispersion patterns. If it is to
be maintained, a much larger value for the lateral dispersion coeffi-
cient should probably be used in order to increase the spread of the
suspended matter. With the present model the width of the sediment
cloud is underestimated, while the prediction of the length is, at
least, conservative.

Nevertheless, probably the most important restriction of the
model is the assumption of one~layer shear flow. This assumption
allowed use of the same vertical equilibrium distribution as in open
channels and, furthermore, a significant simplification in the
structure of the model, through independent treatment of the horizontal
and vertical distributions. Secondary currents due to density varia-
tions, however, are often very important to the transport and dispersion
of suspended sediments. If the suspended matter is assumed to be
carried by density currents near the sea bed, the model could possibly

be applied for the reduced height of that current. The non-dimensional

-122-



plots given in Figures 19, 20 and 21 would be applicable approximately
although the advective and dispersion terms would have to be redefined.
The main difficulty for such an extension of the model lies in the
violation of the surface boundary condition.

Despite the limitations discussed so far, it is believed that
the present model is a relatively simple tool that can predict to some
approximation the impact of dredging or other similar activities in the
coastal zone. The preliminary results of the 'glass bead study" of
NOMES seem, at this point, quite encouraging.

Further research is necessary to relax some of the restrictive
assumptions employed in this model. A better understanding of the
effects of flocculation on the settling rates of fines is very desirable.
Also, the hydrodynamic characteristics must be modeled in relation to
the meteorological conditions. Until such additional research produces
more realistic inputs, the model developed in this study can be useful
provided it is applied with full understanding of the inherent assump-

tions and limitations involved.
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APPENDIX A

SETTLING TUBE MEASUREMENTS
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Run No. 1 Initial Concentration 100 mg/2
Kaolinite Initial Turbidity Reading 64 FTU
Background Turbidity 0.15 FTU
. Turbidity Readings (FTU)
Time Percent
(hrs.) 1 2 3 4 5 6 Settled
1.2 47 - 53 - 55 57 18.6
17.8 18 - - 17.5 - 18 71.8
24,8 13 - 13.0 - - 13 79.7
41.8 9.0 - 8.7 - - 8.4 86.5
48,5 7.2 - 7.1 - - 7.2 89.0
64.3 5.4 - 5.6 - - 5.5 91.5
96.8 3.6 - 3.7 - - 3.7 94.3
160.6 2.0 - 2.0 - - 2.1 97.0
233.0 1.3 1.3 1.3 1.6 1.3 1.3 98.2
Run No. 2 Initial Concentration 10 mg/8
Kaolinite Initial Turbidity Reading 7.0 FTU
Background Trubidity 0.40 FTU
i FTU
Time Turbidity Readings (FTU) Percent
(hrs.) 1 2 3 4 5 6 Settled
0.8 6.1 - 6.6 - - 6.9 6.5
2.7 6.0 - 6.1 - - 6.4 12.7
22.9 3.3 - 3.9 - - 3.2 52
47.3 2,2 - 2.5 - - 2.8 68
70.5 2.0 - 1.95 - - 2,05 76
100.6 1.5 - 1.7 - - 1.75 80.5
149.3 - 1.3 - 1.25 - 1.6 87.1
265.8 - 0.68 - 0.67 - 0.67 95.9
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Run No. 3 Initial Concentration 10 mg/2
Illite Initial Turbidity Reading 4.0 FTU
Background Turbidity 0.20 FTU
Time Turbidity Readings (FTU) Percent
(hrs.) 1 2 3 4 5 6 Settled
2.0 2.6 - 3.2 - - 3.1 25.1
3.8 2.2 - 2.8 - - 2.8 35.0
21.7 1.75 - 1.6 - - 1.5 63.2
29.3 1.35 - 1.5 - - 1.5 66.7
77.4 1.1 - 1.1 - - 1.15 76.0
119.2 0.96 - 0.87 - - 0.83 83.2
173.1 0.70 - 0.77 - - 0.83 84.8
Run No. 4 Initial Concentration 100 mg/2
Ilite Initial Turbidity Reading 36 FTU
Background Turbidity 0.20 FTU
Time Turbidity Readings (FTU) Percent
(hrs.) 1 2 3 4 5 6 Settled
0.6 24 29.5 33.5 - 35 36 10,2
3.3 17 - 23 - - 32 29.5
27.7 7.6 - 8.0 - - 8.1 78.5
47.0 4.75 - 5.0 - - 5.0 86.7
142.0 1.6 - 1.5 - - 1.5 96.2
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Run No. 5 Initial Concentration 10mg/%
Boston Harbor Mud Initial Turbidity Reading 5.0 FTU
Background Turbidity 0.25 FTU
Time Turbidity Readings (FTU) Percent
(hrs.) 1 2 3 4 5 6 Settled
1.7 2.4 - 3.4 - - 3.5 37.2
4.6 2.1 - 2.9 - - 3.1 46.3
17.4 2,0 - 2.0 - - 2.5 60.0
23.8 1.75 - 1.9 - - 2,15 64.5
65.8 1.1 - 1.3 - - 1.6 78.7
124.1 0.88 - 0.92 - - 0.88 86.3
189.9 0.62 - 0.62 - - 0.65 91.7
Run No. 6 Initial Concentration 100 mg/%
Boston Harbor Mud Initial Turbidity Reading 52 FIU
Background Turbidity 0.15 FTIU
- Turbidity Readings (FTU) Percent
me 1 2 3 4 5 6 Settled
(hrs.)
0.6 35.5 - 43.5 - - 47 17.2
2.9 23 - 33 - - 39 33.3
6.1 16 - 25 - - 28 53.8
22.7 5.8 - 7.2 - - 9.7 82.7
45,3 1.9 - 3.3 - - 5.5 93.2
99.0 1.95 - 2.15 - - 1.9 96.4
169.1 0.98 - 1.01 - - 1.02 98.5
244.3 0.50 - 0.54 - - 0.51 99.3
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APPENDIX B

COMPUTER PROGRAM FOR ANALYSIS OF DROGUE DATA.
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09001 DIMENSINN T(5,450)s X{5+¢500s Y(5450),DEPTH(6),W(6]),DST(50)

0002 DIMENSION XX(5,50), YY(5,50) ¢XXMEAN(S0),YYMEAN(50},XXVAR(50)

0003 DIMENSION YYVAR(SO) yEX(50) 4EY(50)PHI(6L),CUM{61),2(61),VXX{50)

0004 DIMENSION VYY(S50),SEP(6)

0005 OIMENSION WS(5)

0006 READ (5,300) NO

0007 300 FORMAT(IZ)

0008 DO 299 [JK=1,NO

0009 NUMNT=0

0019 READ(5,40)STT,TINT,BOTDEP

0011 40 FORMAT(FB.0¢FT.J+F5.0)

0012 READ(5,301) CAPPA,NSTEP,NCYC

J013 301 FORMAT(F4.2,14,13)

0014 REAC(59308) NWS

0015 3cs FORMAT(12)

0016 READ(S¢309) (WS(I),I=1,NWS)

0017 3Cs FORMAT(5F12.7)

0018 I=1

o019 M=1

0020 3 READ(S5910} NoIDEP,IhyIMyIS,IY,1X

0021 10 FORMAT(I3,11Xe13513,412,12,18,18)

0022 IFIN+L) 12:4,5
[
C SIGNAL ALL UNUSED ELEMENTS OF ARRAY WITH
C NEGATIVF NUMBER .
C

0022 L 00 1 IIl=I,50

0024 TiMyIT11)=-10000000.

0025 1 CONTINUE

0026 I=1

0027 M=M+1

09028 G0 70 3
C
C PUT INTEGER INFORMATION INTO REAL ARRAYS
C

0029 5 T(M, I )=FLOAT {3600*IH+60*IM+IS)

0030 X{MyF)=FLOAT(IX)

0031 Y{M,I)=FLOAT(IY)

0032 DEPTH(M)=FLOAT(IDEP)

0033 I=1+1

0034 GO 70 3
C
[ SIGNAL UNUSED ELEMENTS OF LAST ARRAY AS WITH OTHERS
c

0035 12 DO 13 III=1,50

00136 T(M,111)=-10000000.

0037 13 CINTINUE
C
C MAKE TIME CORRECTIONS SO THAT TIME [S ALWAYS INCREASING
C

0038 00 30 K=1,M

00139 DO 25 KK=1,49

0040 Q=T (KyKK+1)=-T(K¢KK)
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0041
0042
0043
0044
0045
Q046

0047
0048
0049
cosc
9051

0052
0053

0054 .

0955
0056
0057
0058
0059
0060
2061
0062
0063

0064
Q0065
0066
0067
0068
0069
0070
0071
0072
0073
0074
0075
0076
0077
0078
0079
0080
0081
0082
0083
0084

17
23

25
30

32

[aNeNel

213
35
42

(3]

68
72

80

310

IF(Q) 17425425

DO 23 KKK=KK,49
TIKKKK+1)=T{K,KKK+1)+86470.,
CONTINUE

CINTINUE

CONTINUE

SET UP DESIRED TIME ARRAY

NST(1)=STY

DN 32 J=1,49
DST(J+1)=0STCJII¢TINT
CINT INUE

JJ=50

ASSOCIATE X AND Y VALUES WITH DESIRFD TIME ARRAY

DO 60 L=14M

I=1

J=1

IFIDST(J)-T(L,I)) S5Cy35,35
TFIDSTUJ)-T(L,T+2)) 42,42,55
DT={DSTOII=TIL, I /ZIT(L,I+1)-T(L,I))
XX(LeJ)=X(LyID#IX(L,T#1)=-X{L,1))%DT
YYCLI)=Y (Lo TI4(Y (L I41)=Y(L,1))*DT
J=Jd¢l

GO TO 33

[=1+1

IF (T(Ly1)¢1) 57,57,35

LENGTH USED IS THAY OF THE SMALLEST ARRAY

IF{JJ=-J) 60,58,58

JI=J-1

CINTINUE

MP=Me1

M2=M~}

DO 80 L=1,M2

[FLL-1) 65,65,68

F2=9

GO Y0 73
F2=(DEPTH(L-1)4+DEPTH(L) )*D.5
FL1=(DEPTH(L) +DEPTH(L+1) }*).5
W(L)=(FL1-F2)/BOTOFP

CINTINUE

DFAC=1.-DEPTH{M) /BOTDEP
W(Mel)=DFAC/(9.+ALOG(DFAC))
WIM)=1,—wW(M#1)-(DEPTH(M-1) +DEPTH (M) ) /(2 .*%BOTDEP)
WRITE(6,310)

FORMAB(LHI)

WRITE(64119)

FORMAT({3X, '*FOR NEUTRALLY BOYANT PARTICLES')
WRITE(64129) (WIL)sL=1,4MP)
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0085
0086
0087
0088
Qo089
0090
2091
0092
00913
0094
0095
0096
0097
0098
0099
0100
0101
0102
0103
0104
0105
0106
0107
or08
010S
0110
o111l
o112
n113
0114
0115
7116
o117
o118

0119
0129

ol2L

0122

0123
0124
0125
0126
o127
o128
0129
0130
0131
0132
0133
0134

120

82

88

8¢

S6
87

84

8s
S0

S2

130

131

94
S5

FORMAT(2X,* WEIGHTS',1X,10F6.3)
XX(MELo L =XX(Ms1)
YY(MaLlel)=YY(M,1)

DO 82 J=1,44

XX(Meled)=XX(MeL,1)
YY(MeloJ)=YY(MLl,1)

CINTINUE

DO 8& L=1,MP

DO 88 J =2,4J
XXCLoJ)={XXEL o J)-XX(Ly1))%*30.5
YY(LoJ)=(YY(LyJ)-YY({L,1))%*30.5
CNNTINUE

XXtLe20=0.

YYi{lLs1)=0.

CONTINUE

N0 96 J=1,J4J

DST(J)=DST(J)-STT

DO 84 J=1,J4J

XXMEAN(J)=0.

YYMEAN( S} =0,

XXVAR(J)=0.

YYVAR(J)=0.

CONTINUE

DO 90 J=1,J44

DO 89 L=1,MP
XXMEAN(J)=XXMEANE JD ¢ XX({LoJ)*WIL)
YYMEANCJ )=YYMEAN(J)2YY(L,J)xWIL)
CONTINUE

CINTINUE

DO 92 J=2,4J

VXX (J)={ XXMEAN(JDI-XXMEAN(JI-1) )/TINT
VYY(JI={ YYMEAN(J)-YYMEAN{J-1})}/TINT
CIONTINUE

CALL TIDVELINCYC 2JJyDSToXXMEAN,YYMEAN,TINT ,DRIFMG,DRIFDR,UT,
ITIDEDR,LAST)

WRITE (6,130}

FORMAT( ¢ TIME® ¢SXy*MEAN X®,SXe*MEAN Y',8X,°C VAR',8X,'N VAR?,
19X *RISP C*yB8Xs°DISP N', TX,'VEL X'9y5Xy'VFL Y?)
WRITE(6,131)

FORMAT (3 X, "(SEC)*y6Xe*(CM)?6Xe"(CM)* g TXs*(CM2/SEC)* 45X,y (CM2/SEC)
195Xy P (CM2/SEC) 45X * (CM2/SEC )" 94Xy * (CM/SEC) ' 42X,y *(CM/SEC)*y/)
ST=SIN{DRIFDR)

CT=CCS (DRIFDR)

D0 95 J=1,JJ

XM= XXMEAN(J)®CT¢YYMEAN( J) *ST
YM==XXMEAN(J ) *STHYYMEAN(J)*CT

D0 G4 L=1,MP
XXX=XXCL o JI*CTeYYIL oy J)2ST
YYY==XX(Ly J)RSTEYY(L(oJ)*CT

XXVAR (J) =XXVAR(JP+W (L) * (XXX=XM)*%2
YYVAR(JI=YYVAR(J)+WELIXLYYY-YM) *%x2
CINTINUE

CONTINUE
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0135 DO 185 J=2,J4J

0136 EXCII=(XXVAR(J)=XXVAR(J-1) )/ (2.*TINT)

0137 EY(J)=(YYVAR(J)-YYVAR(JI-1))D/ (2. %TINT)

o138 195 CONTINUE

0139 DO 141 J=2,JJ

0140 WRITE (64140) DST(J) e XXMEAN(S) g YYMEANC(J) 9 XXVAR(J )y YYVAR(J)
Lo EXCIN9EVIID 9 VXX(JI) VYV (J)

0141 140 FORMAT (3F10.044E14.5,2F10.3)

0l42 141 CONTINUE

0143 CALL CONVRT(NCYC,LAST,DRIFMGDRIFDRyUT, TIDEDREX,yEY)

0144 293 IF (NUMWT ) 2944294,295

0145 294 CALL USTA (NCYCoJJyVXXeVYY4DST,USTAR,TINT)

014¢ 295 NUMWT=NUMWT +1

0l47 IF(NWS—NUMWT)299,83,83

0148 83 WS1=WS(NUMWT)

0149 WRITE (6,4315)WS1

015¢C 215 FORMAT{*1°,3Xy *NORMALIZED VERTICAL PROFJLE FOR SETTLING VELOCITY?,
1F12.792Xy *CM/SEC?,/)

0151 CALL PROFIL(PHI CUMyZyWSLoUSTAR,CAPPASNSTEP,BOTDEP)

0152 CALL WEIGHT(W,SFP,DEPTH,CUM,M,BOTDEP,Z,NSTEP)

0153 GO TC 87

0154 255 CIONTINUE

€155 CALL EXIT

o156 ENO
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0001 SUBROUT INE TIDVEL(NCYCyJJoDSTyXXMEAN, YYMEAN,TINT,DRIFMG +DRIFDR,
1UT o TIDEDR,LAST)

C
C THIS ROUTINE COMPUTES THE MEAN WEIGHTED TIDAL AND NET DRIFT
C VELCCITIES GIVEN THE MEAN WEIGHTED DROGUE MOTION (XXMEAN,YYMFEAN)
c
2002 DIMENSTON DST(S0) ¢ XXMEAN(SC), YYMFAN(S50)
0003 WRITE(6,311)
0004 311 FORMAT({1M1)
0905 PI=3,14159
0006 NDST=45600./TINT
2027 REM=45600,~-NDST*TINT
0008 LAST=NCYC#NDST
000S IF(LAST-JJ)15,15,14
0010 14 WRITE(64301)
0011 301 FORMAY(//,* TIDAL CYCLE OVERRUNS RECORD IN TIDVEL
1_COMPUTATIONS MADE CN REDUCED AVAILABLE CYCLE®')
0%12 LAST=J4J
0013 REM=0,
0714 XXMEAN(LAST+1)=XXMEAN(LAST)
0015 . YYMEAN(LAST+1)=YYMEAN(LAST)
0016 15 XLAST=XXMEAN(LAST)+ (XXMEANCLAST+1)-XXMEAN(LAST))*REM/TINT
0017 YLAST=YYMEAN(LAST)I+ (YYMEAN(LAST#1)-YYMEAN(LAST))*REM/TINT
0018 XDRIF=XLAST~-XXMEAN(NCYC)
0o1ls YDRIF=YLAST-YYMEAN(NCYC)
0020 CYCDUR=DST(LAST)-DSTINCYC)+REM
0021 DVEL X=XDRIF/CYCDUR
0022 DVELY=YDRIF/CYCDUR
C
C DIRECTION OF NET DRIFT
c
0223 DIRECT=ATAN(YDRIF/XCRIF)
0024 TFIXCRIF 120425425
0025 20 IFLYORIF)21,22,22
0026 21 DIRFCT=NIRECT-P]
0027 GO YO 25
0028 22 DIRECT=DIRECT+PI
9029 25 DR IFOR=D IRECT
003C NEGOIR=DRIFDR*(180./PI)
0031 DRIFMG=SQRT((XDRIF)**2+ (YDRIF)*%2)/45600.
0032 WRITE(64303) DRIFMG,DEGDIR
0033 303 FORMAT (/7 ¢3X o *NET DRIFT=*3F104392Xy *CM/SEC*, 10X, *DIRECTION FROM
1 EAST*,F10.3)
0034 DEVML=0.
0935 DEVM2=0,
0036 XDEV1=0.
0337 YDEVLI=0.
0038 XDEV2=0,
0039 YDEV2=0.
004C NP=NCYC+1
[ee L3 DO 28 LL=NP,,LAST
0042 XO=DVELX*TINT*(LL-NCYC)+XXMEAN{NC YC)
0043 YO=DVELY*TINT®(LL-NCYC)+YYMFAN(NCYC)
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0044
0945

0046
0047
0048
0049
0050
0051
0C52
0053
0054
0755
0056
0051
0058
Q055
0060
Q061

Q062
0063
Q064
0065

0066
0067

0001
0002
0003
0004
0005
0006
0007
€008
0009
0010
0011
0012
0013
0014
0015
0016
0017
ooLs

DEVM=SQRT ((XXMEAN(LL)=XD)**2+ (YYMEAN(LL )-YD)%x#*2)
CALL TESTINTEST,XXMEAN(NCYC) ,YYMEAN(NCYC) ¢ XXMFAN{LL) YYMEAN(LL),
1DIRECT)
IFINTEST)31,31,34
31 IF(DEVM1-DEVM) 32, 38,138
32 XDEV1I=XXMEAN(LL)-XD
YDEV1=YYMEAN(LL)-YD
DEVM1=DEVM
GO TC 38
34 IF(DEVM2~DEVM) 35,38,38
35 XDEV2=XXMEAN(LL )-XD
YDEV2=YYMEAN(LL)-YD
NDEVM2=DEVM
38 CIONTINUE
XDEV={XDEV1-XDEV2)
YDEV=(YDEV1-YDEV2)
TIDDIR=ATAN(YDEV/XDEV)
185 TIDEDR=TINDDIR
TIDDEG=T IDEDR*(180./P1)

MAX. TIDAL VEL. = DISP. QVER 1/2 CYCLE * PI/TIME OF CYCLE

aNeNal

DEVT=SQRT(XDEV**2+YCEV%%2)
UT=DEVT*3,14159/CYCDUR
WRITE {6,304) UT,TIDDEG
304 FORMAT( /43X, *MAX TIDAL VELOCITY=',F10.342X,*'CM/SEC*,10X,
1'NIRECTION FRNM FAST!,F10.3,/)
569 RETURN
END

SUBROUTINE TEST(NTESTyXO0sYOyX1lsY1,DIRECT)
PI=3.14159

X=X1-X0

Y=Y1-Y0

DIRECI=ATAN(Y/X)

IF(X)20y25,25

20 [FLY)21,22,22
21 DIREC1=DIREC1-PI
GO 1O 25

22 DIREC1=DIRECL+PI
2% CINTINUE
IF{DIRECT-DIREC1)38,38, 30

30 IF(DIRECT-DIRECL-PI) 36,36,38
36 NTEST=1
GO 70 99

28 NTEST=~1
59 RETURN
END
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0001 SUBROUTINE CONVRTANCYC,LAST,DRIFMG,DRIFORyUT,TIDENRLEX,EY)

0002 DIMENSION EX{S50),EY(50)
0003 EXS=0.
0004 EYS=0.
0005 NNCYC=NCYC+1
0006 D0 190 J=NNCYC,LAST
0307 EXS=EXS+EX(J)
0008 EYS=EYS+EY(J)
0008 190 CINTINUE
0010 AVEX=EXS/(LAST-NCYC)
0011 AVEY=EYS/(LAST-NCYC)
0012 THETA=ABS(DRIFDR-TICEDR)
0013 TIDEC=UT*CNS(THETA)
0014 TINDEN=UT*SIN(THETA)
0015 WRITE(64191) TIDEC.TIDEN
09216 191 FORMAT(/,43X,"' TIDE ALONG DRIFT AXIS® 4F10.342X,'CM/SEC*,10X,
1' TIDE NORMAL TO IT*,F10.342X,°*CM/SEC?)
0017 WRITE(645192) AVEX,AVFY
2018 192 FORMAY (/ 43X,y 'AVERAGE DISPERSION COEF. ALONG DRIFT AXIS!',E12.5,2X,
LOCM2/SEC,* y 10X, 'NORMAL TO IT*,F12.592X,y *CM2/SEC?)
0019 ' RETURN
0029 END
0001 SUBROUT INE USTA (NCYCyJJyVXXyVYY,DST4USTAR, TINT)
C
c THIS ROUTINE COMPUTES THE SHEAR VELOCITY FROM A TWO
C DIMENS IONAL TRACK OF DROGUF POSITIONS, USING THE VELOCITY
C MAGNITUDES
C
0002 DIMENSTION DST(50),VXX{50),VYY(50)
0002 CVFEL=C.
0004 NDST=45600./TINT
0005 LAST=NCYC#NDST
0006 LLAST=LAST-1
0007 IF(JJ-LAST)41,42,42
0008 41 WRITE (6,4341)
0009 341 FORMAT (/42X *RECORD TOO SHORT FOR TIDAL CYCLE DESIRED IN USTA?)
7010 LLAST=44-1
0011 42 00 115 LLL=NCYC,LLAST
09%12 CVEL=CVEL+SQRT(VXX(LLL+ L) **24VYY(LLL*1)**2)
0013 115 CONTINUE
0014 117 VELAV=CVEL/(LLL=-NCYC+1)
C
C ASSUMING THAT FRICTION COEFFICTENT, F, =.02
C
0015 USTAR=VELAV/20.
0016 ' WRITE(6,4331) USTAR
0017 32] FORMAT(/ 43X, ' USTAR=? yF10.342X¢"CM/SEC*,/)
0018 RETURA
0019 END
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0001 SUBROUTINE PROFIL(PHICUM,Z,WS,USTAR,CAPPA,NSTEP,RGTDEP)

c
C THE PROGRAM COMPUTES THE NORMALIZED VERTICAL CONCENTRATION
C PROFILE FO A GIVEN DEPTH, SHEAR VELOCITY, AND SETTLING RATE.
C
0002 DIMENSION PHI(61)9S2{61)4CUM(61),2(61)
0003 Q=WS/(USTAR*CAPPA)
0004 I(1)=0.
0005 RSTEP=NSTEP
0006 DZ=1./RSTEP
0007 CuM(1)=0.
0008 N=NSTEP+1
0009 20 DO S0 I=1,N
ootc IFLZUI)-.05) 25,425,430
0011 25 21=.05
0012 GO TO 40
99113 30 12=2(1)
0014 40 S2(1)=0(1./22-1.)716.)%*Q
0015 1F (I-N) 42,443,432
0016 42 Z(I+1)=2(1)+0Z
ool17? 43 IF(I-1)50s50445
0018 45 S3=,5%(S2(1)1+S2(1-1))*DZ
0019 ' CUMET)I=CUM(]I-1)#+S3
0320 50 CINTINUE
0021 S5=1./CUMI(N)
0322 WRITE(6,4448)
2923 448 FORMAT(5Xs *Z %y 10Xs *PHI ")
0024 DO 60 I=1,N
0225 PHI(I)=55%52(1)
0026 WRITE(6+450) ZUI)PRICI)
0027 450 FORMAT(2X9FBe345X9E12.5)
0028 69 CONTINUE
0029 RETURN
0030 END

-139-



0001 SUBROUTINE WEIGHT(W4SEPsDEPTH.CUM,M,BOTDEP, Z,NSTEP)

oun2 DIMENSION SEP(6) yWI6E) JCUMIBY) yDEPTH(6) 42161) 2ZZ161),WT{6),DCUMI6L)
0003 MP=Me]

0004 MZ=M-1

0005 ' D0 65 L=1,MZ

0006 SEPIL)=.5*(DEPTH(L+1)+DEPTH(L))/BNTDEP
0007 €5 CONTINUE

0008 DFAC=1,-DEPTH(M)/BOTDEP

0009 SEP(M)=]1,-NFAC/(9.+ALOG(DFAC))

00192 L=1

09011 NN=NSTEP+]

0012 NO 66 1=1,NN

0n13 2201)=1,~211)

0014 OCUM(T)=CUM(NN)=-CUM(I}

0015% €6 CONTINUE

3016 D3I 70 I=14NN

0017 IF{ZZ(NN=-T+1)~-SEP(L))70,68468

0018 6e SFAC=(SEP(L)-ZZINN~T#2))/(ZZ(NN=-1+1)-ZZ{(NN=-T42))
2019 WTIL)=(NCUM{NN=-T+2) +SFAC*(DCUM{NN~T+1)-DCUM{NN-T1+2) ) ) /CUMINN)
0020 L=L+1

0721 IF(L=-M)TC, 70,72

0022 ’ 70 CINTINUE

2123 72 N0 80 L=14M

0024 TF(L=1)T75975,77

0025 15 WlL)=WT (L)

0026 50 70 80

0027 77 WIL)=WT(L)-WT(L=-1)

0028 80 CONTINUE

0029 W(Mel)=1.-WT (M)

0030 WRITE(6,120) (W(L)oL=1,MP)

0931 120 FORMAT(/ 42Xy *WEIGHTS® y1X410F6.3)

0032 RETURN

0033 END
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APPENDIX C

COMPUTER PROGRAM FOR THE HORIZONTAL
DISTRIBUTION OF AVERAGE CONCENTRATION
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0001
0002
0003
0004
0005
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
no24
0025
0026
0027
0028
on2e

0030
0031

0032
0033

0034
0035
0036
0037
0038
0039
0040
0041
0042
0043
0044
0045
0046
0047
0048
0049
0050

10

11

19
12

13

14

16

17

18

READ(5+8) IH,ITT,VOLR

FORMAT(I2,16,F6.3)

H=IH

T¥=177

IFtH)1,2,2

DO 70 K=1,5

READ €5,10) IXS,1YSeIXL,IYL,ID,T,T1,DY
FORMAT(I3,14,14,14,164,F6,29F6.2,F6,3)
XS=1XS

YS=1YS$

XL=1XL

YL=TYL

N=1D

READ(S,11) TED,IFN,TUD,IVT,1VN,A,ANG
FORMAT(217,315,F7e39F7e2)

ED=IFN

FEN=1EN

VI=IVvVT

un=1uUD

VN=TVN

P=3,14159

WRITF(6,9) K

FORMAT(*#1°,2X,*FR SEDIMENT GROUP NOe.',13)
WRITE(6,19) ANG

FORMAT(®* DRIFT DIRECTICON IS*,FR,24' CFGREFS FROM EAST!)
WRITE(6,12)

FORMAT(//4% NIMENSIONLFSS PARAMETERS:?)
WRITFU6913) TUD,IVT,IVN

FORMAT {¢ NET DRIFT VELNCITY?®*,I5,5X,*MAX YIDAL VFLCOCITY ALONG DRI
1FT AXIS®,15,5Xs'NCRMAI TN 1T¢,15)
WRITE(6414) IED,IFN

FORMAT(* OISPFRSICN COEFFICIFNTS-",5X,* ALAONG DRIFT AXIS®,T7,5X,
L'NORMAL TN 1T79,15)

WRITE(6,16) T,71,DY

FORMAT(2X,* TIME= ' 4F6,245Xs *END OF INJECTION AT, F642,5Xy*STEP NFE
1 INTEGRATION®,F6,.3)

WRITEL6,17) A

FORMAT(® CFCAY FACTNRY ,F10,41

MRITE(6,18)

FORMAT(/,* X Y C(RAR)/CO®/)
M=XL/D

NsYL/D

Ml=(MeL) /2

N1l=(N+1)/2

M2=2%M1e]

N2=2*N1+s1

XaXS-M1%D

Y=YS=-N12D

ANG=P%*ANG/180.

DO 60 1=1,M2

D0 65 Jx1.N2

XPRIME=X*COS(ANG)+Y2SIN{ANG)
YPRIME==X*STN(ANG } +¥*CNS LANG)
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0051 12=0,

0052 Q1=0,

0053 Q3=9,

0054 49 IF{T1-T2) 100,51,51
0055 51 S1=(XPRIME-UDR(T=T2)4(,5*VT/P)#(CIS(2%PxT)~COS(2%0%T2)) ) #*2
0056 R1=4%ED*(T=T2)

0057 F1=S1/R1

0058 S2=(YPRIME+(,S*VN/P)=(COS(2%P«T)=COS(2%P%T2)) ) %x2
0059 R2=4%EN*(T-T2)

an6o : F2=52/R2

0061 F3=A%(T-T2)

0062 F=F14F24F3

0063 R=4%P%(T-T2) *SQRT(FNXEN)
0064 0=01

0065 IF(F-10n,) 55,55,56

0066 55 Q1=(EXP(=-F))/R

0067 GO ¥q §7

0068 56 N1=n,

0069 57T T2=T2+DT

0070 IF(T2-NT) 49,46,52

0071 52 0N2=.5%(0+Q1)%NT

0072 03=0Q3+0?

0073 GN TN &9

0074 . 100 CR=VOLR*TT%Q3/(H%%3)
0075 WPITE(6420) XyY,CR

noTe 20 FORMAT(FR,1,F9,1,4X,E10,2)
00717 Y=Y+N

0078 65 CONT INUF

0079 X=X+D

0080 Y=YS-N1%D

O0R] 6" CONT INUF

0082 70 CANTINUF

0083 GO TO 3

oces 1 CALL EXIT

00135 END
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